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Abstract

Design and Modelling of Robots for Minimally Invasive Surgery

Robotic minimally invasive surgery are increasingly applied to replace their conventional

open-form surgery, due to significant advantages associated with the reduced level of

invasion and the advanced functions of the robotic systems. Surgical robots with the re-

mote centre of motion function to constrain the positions of the incision ports have large

device footprints and thus suffer extensive collisions when manipulated within confined

workspaces. By contrast, the continuum concentric tube robots, which can actively follow

complex spatially curved paths within the body cavities, require complex and computa-

tionally inefficient kinetostatic models in their design and control. These issues create

barriers to the development of more capable surgical robots, as well as the application of

such robots in the least invasive single-site or trans-natural-orifices surgeries.

The research presented in this thesis attempts to reduce the footprints of the surgical

robots based on the remote centre of motion mechanisms, and improve the computational

efficiency of the modelling of the concentric tube robots.

In the first part of the research, a novel planar remote centre of motion mechanism was

proposed, with reduced footprint and stay distant from the remote centre (incision port).

Necessary conditions were identified to fully constrain the mechanism, and a linkage-based

design was generated to minimise the footprint of the robot during surgical manoeuvres.

The footprint of the mechanism in the surgical scenario was quantified using four ap-

proaches. The proposed mechanism demonstrated up to 35% to 80% improvement over

the current parallelogram-based design. For further reduction of the footprint, a cable-

based design was proposed. The full proof of functioning, including the remote centre of

motion characteristic and the functioning of cable loops, was conducted mathematically,

and further validated with finite element analysis and through prototyping.
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In the second part of the research, the kinetostatic modelling of the concentric tube robots

is studied to improved the computational efficiency. Four robot-dependent modelling

approaches were derived based on the combination of the Cosserat rod theory and the

Newtonian equilibrium of force and moment. Quantitative comparison between modelling

approaches was conducted, where the concentric tube robots were subjected to various

external loads. The loading scenarios corresponded to the application of the concentric

tube robots as non-cannula and cannula types of robotic surgical tools, and thereby

the modelling approaches showing better computational efficiencies in these cases were

identified. An improvement of up to 25% in the computing time was observed in one of

the modelling approaches when used for non-cannula surgical tools.

The outcomes of this research will benefit the development of the surgical robots with

remote centre of motion and the concentric tube robots, both as standalone robots or

when combined to generate new surgical robots. These robots, with improve the capabil-

ity and dexterity, will in turn promote the applications of the robotic minimally invasive

surgery with further reduction in the level of invasion.
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Chapter 1

Introduction

1.1 Background

Minimally invasive surgeries (MIS), or key hole surgeries, are performed with surgical

end effectors inserted into the patient’s body through small incision ports rather than

conventional big openings [97]. By reducing the level of the invasion, the MIS show

significant advantages over the open-form equivalents, including smaller traumas, less

blood loss, reduced level of pain, decreased risk of wound infection, better post-operative

immune function, faster postoperative recovery, shorter hospital stay, quicker return to

the workforce and improved cosmesis [56,83,100,126].

By definition, a surgical robot is a “powered computer controlled manipulator with arti-

ficial sensing that can be reprogrammed to move and position tools to carry out a range

of surgical tasks” [43]. Surgical robots offer several advanced functions to overcome the

drawbacks of conventional manual MIS instruments. Moreover, they provide additional

benefits beyond the capability of the manual instruments. For these reasons, surgical

robots are increasingly involved in MIS procedures to replace manual equivalents.

There are two major types of conventional MIS instruments: the non-cannula and the

cannula types. The non-cannula instruments often feature a common form of having a
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2 1.1. BACKGROUND

long and rigid stick with surgical end effectors mounted at the distal end [126,131]. The

cannulae, on the other hand, are compliant tubes that are fully passive or have limited

degrees of freedom (DOFs) at the distal end and can be navigated within body vessels

or cavities. Surgical robots that are of corresponding types have been developed.

A non-cannula instrument has only four DOFs (excluding its end-effector) once inserted

into the patient’s body, which are the roll, pitch, yaw and translation [97]. The reduction

in DOF over the seven-DOF human wrist and hand results in a loss of dexterity. Further,

the fulcrum effect reverses the direction of motion of the surgical instrument [68, 160],

compromising the hand-eye coordination [100]. On surgical robots, the introduction of

multi-DOF surgical wrists reproduces the surgeon’s hand movements thus recovering the

lost dexterity [126, 147]. Control algorithms are implemented to address the fulcrum ef-

fect, while images of targets obtained through medical imaging technologies are projected

onto the manipulators’ frames for better hand-eye coordination, thus recover intuitiveness

in operation.

A conventional cannula relies on external lateral forces provided by the surrounding tissue

to achieve navigation [165] and can potentially damage the tissue [15]. The navigation

ability degrades when advancing in soft tissue, due to reduced lateral force [165]. On

the other hand, the compliance for achieving small bending curvature results in buckling

and excess torsional flexibility [165]. Further, this reduced stiffness limits the capability

to apply adequate surgical forces at the distal end of the cannula [28]. The continuum

robots [46,165,194] share similar compliant and continuum structures as the conventional

cannulae. They can navigate themselves actively to follow complex spatially-curved paths

inside body cavities [165], and thereby minimise the damage to the surrounding tissues.

Moreover, the higher manipulator stiffness of the continuum robots provides much better

output force capability over conventional cannulae [165].

Surgical robots provide other benefits that promote optimal surgical functioning. Filters

are added to the controller to filter the surgeons’ involuntary hand movements [3, 148].

In combined with motion scaling [31], robots can realise more precise manoeuvres than

those of manual instruments [96], allowing surgical procedures that can only be performed
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by a very few exceptionally skilled surgeons to be safely and broadly undertaken [177].

Surgical robots also assist in reducing fatigues of surgeons due to long operations [138].

Another advantage that distinguishes the robotic MIS from their manual equivalents is

the capability to perform remote operations, including tele-diagnostics [190] and tele-

surgery [59]. Safety checks based on the comparison of the positions of manipulators and

tissue can be conducted [83] to avoid unintentional contact and to promote safety. Such

safety checks can be performed equivalently through contact detection, upon sensing of

contact forces at an arbitrary position of the robot [11].

1.2 Problem Statement

1.2.1 Remote Centre of Motion Mechanisms

Since non-cannula instruments (regardless of manual and robotic) are constantly manoeu-

vred during surgical procedures, it is crucial to maintain their locations at the incision

ports to eliminate the damage to the surrounding tissue. For this reason, many surgical

robots include remote centre of motion (RCM) as one of their central functions [180],

by controlling the positions and orientations of the instruments with RCM mechanisms.

By definition, if a mechanism can rotate at least one of its links around a spatial point

without having a physical revolute joint at the point, while this point is distant from the

mechanism, this mechanism is considered to be an RCM mechanism [96,213].

The current clinically-approved state of the art, the da Vinci Xi system [85], features a

parallelogram and a revolute joint to achieve two-DOF RCM. The da Vinci series repre-

sents the most widely used approach to generate the required DOF with RCM for surgical

manoeuvres [96]. However, the use of parallelogram-based (PB) structure leads to a large

device footprint [116], which is related to the space needed to operate the mechanism

without collision [112]. The consequences include poor access to bedside assistance [71],

and more critically, the internal and external (inside/outside the patient’s body) colli-

sions between the cooperating robotic arms when operating in a confined workspace [181],
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which result in the complications during MIS procedures and the compromised optimal

surgical functioning [181].

1.2.2 Concentric Tube Robots

The concentric tube robots (CTRs) [165,194] belong to a unique class of the continuum

robots. They are constantly bending, infinite DOF robots with elastic structures [196].

While sharing the continuum structure and compliance with the other type of continuum

robots, the tendon-driven robots [200], the CTRs have several critical distinctions. The

better coverage of workspace [110], the capability in follow-the-lead applications (active

cannulae) [110], and the significantly simpler mechanical structures [115] make the CTRs

more suitable than tendon-driven robots in MIS applications.

By providing sufficient stiffness, the CTRs break the barrier between conventional non-

cannula and cannula instruments and provide a universal solution to MIS tools. They en-

able optimal incision path planning to avoid delicate or difficult (obstructing) anatomical

structures [48, 165], or to reduce the number of incision ports needed [10]. Such a func-

tion is crucial for single-site MIS (e.g. laparoendoscopic single-site surgeries [6,139]) and

trans-natural-orifice MIS (e.g. natural orifice transluminal endoscopic surgeries [6,24,48]),

which further reduce the level of invasion and represent the future trend of MIS. More-

over, when combined with the RCM mechanisms, the CTRs provide additional angular

displacement beyond the output range of motion (ROM) of the RCM manipulators [109].

This combination yields extended ROM inside the patient’s body without expanding the

overall device footprint or increasing the chance of collision of the surgical robot. Alter-

natively, it can be understood as achieving the same required ROM with a smaller device

footprint or fewer collisions between robotic arms.

On the other hand, the complex and inefficient kinetostatic models cause difficulties

towards the application of CTRs. The modelling of the CTRs is different to and much

complex than that of the rigid-link manipulators, due to their compliant structures and

the consequential interaction with external loads [115]. The modelling is based on the
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combination of Cosserat rod theory [150] and the Newtonian equilibrium of force and

moment. Assumptions and transformation of frames are extensively involved in the

models [115], leading to a reduction in modelling precision. Further, the models, as

well as the design optimisation algorithms and controllers that are built on top of them,

must be computed numerically through iterative numerical integration [150], consuming

substantial computational power and potentially posing difficulties in design optimisation

and real-time control of the surgical robots.

1.3 Objectives and Contributions

To achieve the ultimate aim of improving the capability and dexterity of the surgical

robots, the following objectives are defined for this research:

1. to develop RCM mechanisms with reduced footprints and stay distant from the

remote centres, and validate their effectiveness quantitatively in surgical scenarios.

2. to derive computationally efficient kinetostatic modelling approaches of the CTRs,

and quantify the improvement in surgical scenarios.

This research investigated both the RCM mechanisms and the modelling of the CTRs. A

novel RCM mechanism with reduced device footprint was proposed, which can be adopted

by the current RCM surgical robots manipulating non-cannula instruments. Thereby it

achieved an increase in the performance by permitting the surgical robots to be oper-

ated in smaller workspaces. It is noteworthy that such an improvement poses minimum

modification of the current surgical robot configurations and preserves the advantages

(e.g. structural simplicity and decoupled DOFs) of existing systems. Secondly, a fun-

damental investigation on the kinetostatic modelling of CTRs was conducted towards

fast computation and the potential increase in precision. The outcomes will benefit fu-

ture applications as standalone (non-cannula and cannula) surgical robots or integration

with the RCM manipulators, such that the advantage of CTRs can be fully utilised. A

summary of research outcomes is listed in Table 1.1 and described further in this section.



6 1.3. OBJECTIVES AND CONTRIBUTIONS

Table 1.1: Research outcomes over duration of candidature

Aspects Outcomes Publications Patents

RCM Linkage-based DT linkage [116], [113] n/a

RCM Cable-constrained DT linkage [112], [111] [33]

CTR Modelling and computational efficiency [115], [114] n/a

The proposed two-DOF RCM mechanism adopts the widely used approach of combining

a planar RCM mechanism with a revolute joint. A novel planar RCM mechanism, the

dual-triangular (DT) linkage, was developed [116], featuring several significant advan-

tages which are favoured for MIS applications, including small footprint, large clearance

between the mechanism and the remote centre (RC), and decoupled relation between

linkage size and the distance from the base joint to the RC. A cable-constrained design

of the DT linkage was developed for further reduction in footprint as well as achieving

backlash-free constraints [112]. The RCM function is achieved by a novel design of ca-

ble loops, which was proven mathematically and validated through prototype and finite

element (FE) analysis. Quantitative comparison between the DT linkage and the conven-

tional PB planar RCM linkage in simplified surgical models demonstrated up to 35-80%

reduction in device footprint when described in different approaches [112,116].

For the CTRs, the framework for kinetostatic modelling was investigated. Four robot-

dependent mapping approaches were derived [115] based on Cosserat rod theory and

Newtonian equilibrium of force and moment. The effects of each critical assumption

were clearly identified, enabling future improvement towards more precise modelling.

The computational efficiencies of models were compared through simulations of CTRs

subjected to external loads, with one of the newly derived approaches demonstrating

up to 25% improvement in overall computation time in the loading scenario that suits

the application of CTRs as non-cannula instruments [115]. The effectiveness of another

approach, which is equivalent to the existing one presented in [118], in the application as

both non-cannula and cannula instruments was also highlighted.
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1.4 Thesis Organisation

Chapter 2 presents the literature review on the existing RCM mechanisms and the CTRs.

For the RCM robots, major existing RCM mechanisms for MIS applications are critically

reviewed, with particular attention paid to the planar RCM mechanisms. For the CTRs,

an overview of the evolution of CTR models, as well as the latest developments in the

applications of CTR is provided.

Chapter 3 details the work on the design of DT linkage. The fundamental geometry

relations between the links and essential constraints equations are derived. The design

of the linkage-based prototype that realises the constraint equations is presented. The

mathematical comparisons of the footprints between the DT linkage and PB linkage, as

well as the resulting quantitative improvement of the DT linkage in the footprint are

discussed.

Chapter 4 focuses on the cable-constrained DT linkage. The design of cable loops is

detailed. Full proof of RCM function, as well as the numerical and analytical solutions

of cable tension, are given, thus fully prove the functioning of the cable-constrained

linkage. Outcomes from prototyping and FE simulation are presented to validate the

mathematical analysis.

Chapter 5 describes the framework of kinetostatic modelling of CTR. The manipulations

of key equations are presented, and the assumptions are listed and discussed. The re-

sults of the comparison of the computational efficiencies of CTR models under different

loading scenarios are provided, and suitable applications for the models are identified

correspondingly.

Chapter 6 summarises the outcomes of the research and discusses future work on RCM

mechanisms and CTR towards their individual and combined applications in MIS.





Chapter 2

Literature Review

2.1 Remote Centre of Motion Mechanisms

The remote centre of motion (RCM) can be achieved through mechanical or virtual

(software/control) approach [34]. The mechanical RCM approach is favourable in MIS

applications where safety is the primary concern [34]. The mechanical RCM eliminates

the violation of RCM caused by error in control, sensing or modelling [34,119], and hence

promote the safety of both the patients and the surgeons [97]. The focus in this section

is the mechanical RCM, the virtual RCM and their footprints.

2.1.1 Mechanical Remote Centre of Motion - Overview

By going through an incision port, a manipulator is limited to have four DOF: two or-

thogonal rotational DOF perpendicular to the longitudinal axis of incision, one rotational

DOF around this axis, and one translational DOF along the axis [37, 97, 98, 120, 210].

Such 3R1T (three-rotation-one-translation) RCM cannot be achieved by a single, non-

synthetic mechanism [97]. The only exception being the isocentre type [97], which is

discussed separately in Section 2.1.9.

The RCM mechanisms with lower DOF are combined to achieved the desired 3R1T

9
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[97, 120], by mounting the succeeding mechanisms onto the output links of the previous

mechanisms. Such approach is a simple and direct solution which also benefits the de-

coupling of DOF to increase operational intuitiveness [97]. The commonly used varieties

are:

1. 1R + 1R + 1R +1T, where four one-DOF mechanisms are combined [120];

2. 1R + 1R1T + 1R, where one orthogonal rotational DOF and the translational DOF

are achieved by one RCM mechanism [120];

3. 2R + 1R+ 1T, where two orthogonal rotational DOF are achieved by one RCM

mechanism [98]

4. 3R + 1T, where all rotational DOF are achieved by one RCM mechanism [120].

where combining four one-DOF mechanisms is the most widely-used approach [120].

Various RCM mechanisms with lower DOF have been utilised for the synthesis of 3R1T

RCM mechanisms. Further, systematic synthesis methods are proposed to create novel

RCM mechanisms [107,108,120,210,213]. The RCM mechanisms, as well as sample RCM

mechanisms generated by the synthesis methods, are briefed in the following subsections,

with special attention paid to the device footprints. The 1R planar RCM mechanism on

which this thesis is based [34] is introduced in Section 2.1.7.

2.1.2 Revolute Joint

Figure 2.1: Sample 1R revolute joint, RC at Point O [213].
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The revolute joint is the most widely-used approach to generate one-DOF RCM. A rev-

olute joint, as shown in Fig. 2.1 creates infinite number of RC locating on its axis of

rotation [213]. Such characteristic is unique among the RCM mechanisms and permit

easy synthesis of multi-DOF RCM. When combining with another RCM mechanism,

the additional DOF of the revolute joints can be added simply by aligning their axes of

rotation with the existing RC. For this reason, the revolute joints are often utilised to

provide one of the orthogonal rotational DOF and/or the rotational DOF along the axis

of incision in multi-DOF RCM mechanisms, including the da Vinci systems [41,134,162]

which use two revolute joints.

Another advantage of a revolute joint is its structure simplicity [213], as it has no ad-

ditional link. It is trivial that the footprint of a multi-DOF, revolute-joint-based RCM

mechanism is defined merely by parts other than the revolute joints. This characteristic

enables the overall device footprint of a multi-DOF RCM mechanism to be optimised

by reducing that of the non-revolute-joint parts. Such approach is the foundation of the

novel RCM mechanisms proposed in this thesis.

2.1.3 Parallelogram

Figure 2.2: Sample double parallelograms, RC at Point O [213].
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The parallelogram-based (PB) mechanism is the most commonly-used type of planar

RCM mechanism [97, 213], capable in generating 1R and 1R1T RCM. More precisely,

the term “parallelogram” refer to the double parallelogram structure that provides the

rotational DOF [108]. Some sample configurations of double parallelograms are shown in

Fig. 2.2 [213].

The fundamental principle of double parallelogram is identified in [213], which can be

regarded as the combination of two virtual centre (VC) mechanisms, or equivalently,

the expansion of one VC mechanism [213]. The VC mechanisms are similar to RCM

mechanisms, except that they are only capable in rotating a point, rather than an entire

link, around the RC [213]. Therefore, a link (for RCM) that rotates around an RC can

be obtained by joining two points (for VC) that rotate around the same RC and are not

coincident with each other [213]. The two VC mechanisms in this case are both ordinary

parallelograms.

(a) Original da Vinci [134]. (b) da Vinci Si [41].

Figure 2.3: The linkage-based and cable-based da Vinci systems.

Figure 2.4: Sample PB mechanism with two RC at O1 and O2 [9].

Numerous RCM mechanisms have been constructed based on the double parallelograms
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that generate orthogonal rotational DOF [12,41,45,53,55,71,72,90,93,108,121,126,134,

149, 158, 162–164, 168–172, 177–179, 185, 193, 210, 212]. Due the similarity in mechanical

constraint (parallelism), cable loops are sometimes utilised to replace linkage-based par-

allelograms [41, 169, 172, 177]. Such replacement may help reducing the dimensions of

links, as shown by the evolution from the original da Vinci system [134] to the later da

Vinci S/Si/Xi systems [41,162] (Fig. 2.3), thus it is adopted in the development of an im-

proved RCM mechanism in this thesis. Apart from the ordinary single RC mechanisms,

the parallelograms can also be used to synthesis mechanisms with multiple RC [8, 9], as

illustrated in Fig. 2.4.

Figure 2.5: Sample alternative PB mechanism with cable loop [105].

Alternative 1R RCM mechanisms have been developed based on parallelogram [104,105],

as shown in Fig. 2.5. In this approach the height (vertical distance to ground link) of the

horizontal link in the parallelogram is not changed, by introducing prismatic joints on

the input and output links. The approach is also known as the synchronised transmission

approach [96,97].

The parallelograms have certain characteristics that allow easy integration of the trans-

lational DOF for 1R1T RCM [72,108,210]. Given constrained parallelism, the heights of

the horizontal links in a double parallelogram does not affect the RCM function [108].

Therefore, the translational DOF can be achieved by shifting up and down the horizon-

tal links. In [108], a diamond mechanism is introduced to actuate the lower horizontal

link. Alternatively, both horizontal links are actuated in [72] (Fig. 2.6), by combining

one additional parallelogram to form a triple parallelogram configuration. In another

approach [210], a remote actuated chain has been designed based on two connected par-
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Figure 2.6: Sample 1R1T PB mechanism showing translational DOF [72].

allelograms, to drive a slider that moves along the output link of a double parallelogram.

The parallelism of both mechanisms permits them to be integrated and share the in-

put/output links, such that the translational DOF can be actuated from the proximal

end of the combined manipulator without compromising the existing rotational DOF.

Despite their clinically-proven wide applications, the footprint issue of the PB RCM

mechanisms (both 1R and 1R1T) is outstanding. Experiments indicate that the da Vinci

system exhibits significant collisions and cannot perform surgical manipulations within a

cube whose length of edge is less than 40 mm [181]. The system continues encountering

difficulties in manipulation and higher rates of complications until the size of cube is

increased to 70 mm [181].

The footprint of a PB mechanism is closely related to the size of the area enclosed by

its outer boundary. It is obvious that such area is proportional to the lengths of links.

Given that the minimum clearance between the mechanism and the RC is defined by

the shorter between the “horizontal” and “vertical” links in a parallelogram, expanding

such clearance extends either/both links. Therefore, displacing the PB mechanism further

away from the RC leads to a larger footprint. In the contrast, a PB mechanism with small

footprint suffers limited clearance between the mechanism and the RC. Examples of the

former and the latter are [149,158,212] and [121], respectively, as illustrated in Fig. 2.7. In

addition, the cantilever-like structure when a long horizontal link is used potentially raises
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(a) PB faraway from RC, large footprint

[158].

(b) PB close to RC, small footprint [121].

Figure 2.7: Comparison of PB mechanisms with different footprints and clearances to

RC.

concerns on system stiffness and accuracy [37], especially when subjected to additional

payloads of the succeeding mechanisms [97].

2.1.4 Circular Arc

Figure 2.8: Sample 1R circular arc, RC at Point O [213].

The one-DOF circular arc approach is materialised by a slider that travels along a circular

arc, where the centre of the arc is the RC [96]. A sample is shown in Fig. 2.8. In RCM

synthesis, the additional DOF of the circular arc is added by positioning the arc centre

coincidently with the existing RC [88, 122]. The advantage of circular arc is the com-

pactness [213], or to be more specific, the down-scale-ability to realise small mechanism.

Examples [16,17,22,81,88,191,192] show that the sizes of circular arcs can be relatively

small comparing to the overall sizes of the manipulators, when positioned closely to the

RCs.
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(a) Surgical manipulator

with small circular arc lo-

cated close to RC (bottom

of manipulator) [88].

(b) Circular arc with size compatible to

an MRI bed, faraway from RC [77].

Figure 2.9: Circular arcs of different sizes.

One disadvantage of the circular arcs is that they require high manufacturing and assem-

bling precision to minimise the error on RC [213]. However, the more critical issues lie

on the device footprint [213]. It can be readily seen that to achieve the same ROM, the

size of an arc is directly proportional to it radius. Such characteristic is problematic, as

expanding the clearance between patient and the RCM mechanism results in large device

dimension and footprint, as demonstrated in [44, 77, 129]. An example for comparison

between sizes of circular arcs close to and distal from RC is shown in Fig. 2.9.

2.1.5 Spherical Linkage

Figure 2.10: Sample 2R (passive Joint 5) or 3R (active Ioint 5) spherical linkage [123].
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Figure 2.11: Sample serial spherical linkages (right) and its parallel (left) configuration

[123].

The spherical linkage approach is based on the synthesis of two or three revolute joints

that are not coincident with each other, and is capable in achieving two orthogonal

rotational DOF or all three rotational DOF, respectively. A sample spherical linkage is

shown in Fig. 2.10. According to Section 2.1.2, the RC is located at the intersection of

the axes of rotation. A spherical linkage can be arranged in either serial [47, 103, 122,

161, 208, 209, 211] and parallel [18, 122, 123, 161] configurations. Figure 2.11 illustrates a

sample serial spherical linkage and its parallel version. Apart from the curved links, gear

trains can also be used to displace the rotation axes from each other [103,211].

The issue of the spherical linkages in surgical manipulation is the coupled motion among

all rotational DOF, which increases the complexity of the controller. A two-DOF spherical

link often comes with a passive revolute joint at the distal end to decouple the along-the-

incision-axis rotational DOF, as shown in [122,123].

There exist two issues regarding the footprint of a spherical linkage. The first one is sim-

ilar to that of a circular arc, where increasing the clearance between the mechanism and

the RC causes expansion in dimension. The second one is a inherent problem associated

with non-planar linkage, which is the relatively large transverse dimension even during

the one-DOF planar motion. The second issue is more critical and motivated the usage

of a planar RCM mechanism in this thesis.
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2.1.6 Intersecting Planes

Figure 2.12: Sample intersecting-plane RCM mechanism based on intersection of two

planes (Planes E and F) [98]. Note the rotation of planes (E to E’ and F to F’).

The approach based on intersection of two or three planes generates parallel RCM ma-

nipulators with one or two orthogonal rotational DOF, or all three rotational DOF

[12, 98, 106, 107]. A sample mechanism is shown in Fig. 2.12. In this approach, all

intersecting planes have their own axes of rotation. The intersection point of the ro-

tation axes is the RC, while the common intersecting line rotates around the RC. The

intersection of planes is obtained by connecting all the in-plane serial manipulators. The

number of output DOF is changed by alternating the in-plane serial manipulators and

the number of intersection planes.

The intersecting planes share some disadvantages with the parallelograms and the spher-

ical linkages. Firstly, the clearance between the manipulator and the RC is affected by

the dimensions of the in-plane serial manipulators. Displacing the in-plane serial ma-

nipulators from the RC results in expansion in footprint. Further, these manipulators

suffer the same problem of having cantilever-like structures as that in the parallelograms,

despite that this effect is partially compensated by the parallel configuration. The second

issue is the large transverse footprint associated with non-planar mechanism, similar to

that of the spherical linkage.
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Figure 2.13: Schematic structure of the 1R dual-triangular linkage [34].

2.1.7 Dual-Triangular Linkage

The dual-triangular linkage (DT linkage, Fig. 2.13) is motivated by the footprint issue

associated with the PB mechanisms [34]. It generates the same DOF as the double

parallelograms, i.e. one orthogonal rotational DOF. The DT linkage can be understood

as a pantograph-like mechanism that scales up and reproduces the motion of a four-bar

linkage (BCDG in Fig. 2.13). While the mechanism can be constructed from arbitrary

four-bar linkage, a special configuration based on [135] is selected for optimal footprint

and clearance between the mechanism and the RC [34].

The issue associated with the manipulation of DT linkage is the limit in ROM due to the

singularity. Such singularity is introduced the four-bar linkage and the parallelograms,

and limits the ROM of the mechanism to half of its theoretical maximum. In this thesis,

linkage based auxiliary mechanisms and cable loops are proposed, respectively, to over-

come the singularity and achieve full theoretical ROM without expanding the dimension

of the mechanism.

The DT linkage is claimed to produce a smaller device footprint while keeping a larger

clearance to RC, as the last joint of the mechanism stays faraway from the RC [34]. More-

over, the shorter links (comparing to double parallelograms) require less additional space

behind the input joint during manipulation, which reduces the overall device footprint.

Further benefits of having shorter links include lighter mechanism, higher rigidity and
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better inertia profile. The claimed advantages on the device footprint are validated in

this thesis, by quantitative comparison of device footprints between the DT linkage and

the double parallelogram.

2.1.8 Systematic Synthesis

Apart from the aforementioned specific mechanisms, systematic synthesis methods are

proposed [120, 213] for creation of novel RCM mechanisms. The approach presented in

[213] is discussed previously in Section 2.1.3, where two arbitrary VC mechanisms, which

can be of the same or different types, are utilised to construct planar RCM mechanisms

that offer one orthogonal rotational DOF. The other approach [120] generates 1R1T RCM

mechanisms, by reproducing the 1R1T DOF of serial manipulators remotely through

pantograph mechanisms.

The RCM mechanisms generated from both approaches are strongly dependant on the

base mechanisms used in the synthesis. The sample RCM mechanisms illustrated in the

works have large footprints or are too close to the RC. Nevertheless, the footprint issue

is not the focus of these works.

2.1.9 Isocentre

The isocentre [97] is claimed to be the only approach that is capable in achieving full

3R1T. The approach involves positioning a passive physical joint at the incision port,

while the surgical end effector going through such joint is moved by human surgeons or

robotic manipulators [59,84,92,142,157,159,167,205]. Figure 2.14 shows such concept.

However, whether or not the manipulators based on this approach satisfy the definition

of RCM remains questionable. Fundamentally, a mechanism is called an RCM mech-

anism by having no physical revolute joint at the RC [213], which conflicts with the

configurations of these manipulators. On the other hand, apart from the passive joints,

these manipulators themselves are self-contained robotic manipulators and are indeed
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(a) Concept of 3R1T

isocentre [96].

(b) ZEUS system based on isocen-

tre [59,96,159].

Figure 2.14: Sample 3R1T Isocentre manipulator

positioned distal from and rotate around the RC.

Figure 2.15: Surgical configuration of an isocentre RCM manipulator [205].

Regardless of the classification of the isocentre manipulators, such approach is not con-

sidered in this thesis, primary due to the additional mechanisms needed to position the

joint at RC, as demonstrated in Fig. 2.15 (additional positioning mechanism at bottom

left). The additional mechanisms are potential obstacles within the workspace of surgical

robots or human surgeons.
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2.1.10 Virtual Remote Centre of Motion

Despite being less safer, the virtual RCM approach is still worth mentioning. Firstly, con-

trol algorithms are more generalised approaches that can be adopted by general-purpose

robotic manipulators, whose costs are significantly lower than those of the dedicated MIS

robots with mechanical RCM [42, 119]. Secondly, surgical robots with mechanical RCM

require precise alignment of their RC with the incision ports prior to any surgical ma-

noeuvre. This consequentially requires additional multi-DOF supporting mechanism to

define the positions of RC [94].

The virtual RCM approach has been implemented on a wide variety of robotic manipula-

tors with different architectures. Some examples are summarised in Table 2.1, arranged

in the order of increasing DOF. In “Architectures”, “R”, “T/P”, “U”, “S” and “C”

represent revolute, prismatic (T for general convention and P for convention in parallel

manipulators), universal, sphere and cylindrical joints, respectively. Note that the DOF

refers to the DOF of the robotic manipulators rather than the DOF around incision port.

Further details regarding the DOF of virtual RCM manipulators around incision port are

well summarised in [96,97] The asterisks represent the DOF of the mechanisms that are

involved in RCM generation, while other parts of the manipulators (generating surgical

dexterity) are neglected.

The ZEUS system discussed previously in Section 2.1.9 worth a separated mention, as it

uses a hybrid approach to achieve the RCM. Partitioned control is used to alter the be-

haviour of the non-RCM manipulator, such that it adapts to the passive joint at the inci-

sion port and acts kinematically and dynamically as an RCM manipulator [19]. However,

it has been reported that such approach can exhibit reduced precision and uncontrolled

motion due to the backlash between the instrument and the trocar [42,94].

For other surgical robots that rely purely on virtual RCM, the strategy is to implement

position or force control on redundant robotic manipulators [34, 42]. Typical control

algorithms reported include dynamic posture decoupling [131], forward kinematics opti-

misation [119], adaptive force control [94] and Cartesian control algorithm [142]. On the
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Table 2.1: Summary of sample robotic manipulators with virtual RCM

Manipulator DOF Architectures S/P Reference

ER1 two* active 1R1T, passive 3R serial [132]

IO-MRI robot two* active 2T (2-PR) parallel [89]

n/a (schematic only) three active 3R serial [131]

AESOP four active 3R1T, passive 3R serial [142]

UCB/UCSF four* active 1R3T (2-UPS, 1-UPU) parallel [30]

MIS/open-convertible five* active 5R serial [91]

UT-MRI five active 3T + passive 2R serial [76,133]

MRI needle placement five active 2R3T serial [19]

Mitsubishi PA-10 six active 6R serial [49,119,130]

PRAMiSS six* active 6T (6-RRCRR) parallel [42]

other hand, while the mainstream control algorithms are based on precise known kine-

matic models of the manipulators [19], an artificial intelligence (AI) based incremental

adaptive motion control is proposed [19]. The approach enables the use of arbitrary un-

encoded, uncalibrated manipulators and does not require pre-operative registration [19].

Apart from the aforementioned algorithms that focus on the manipulators themselves,

control algorithms with synergistic human-machine interface [76, 133] are proposed to

allow the surgeons to move the manipulator directly by hand.

2.2 Cable System and Constraint Analysis

Cables can be used to actuate a manipulators remotely without having bulky terminal

energy transformation systems [86, 87]. The cables have low mass, small inertia and
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occupy minimum volume [67,99,146], which are highly valuable for robotic manipulators

and especially the surgical robots working in the tight space. As such, cables are used

extensively in the robotic manipulators of various types, including serial [101,137], parallel

[1, 20, 166, 176, 204, 206] and continuum [29, 196]. As described in Section 2.1.3, the

effectiveness of cable in reduction of manipulator footprint has been proven by the da

Vinci systems. In this thesis, the same approach is adopted, by replacing links and gear

trains in the novel RCM mechanism with cable loops.

2.2.1 The Constraint Analysis

Tension is critical to guarantee the functioning of a cable driven or constrained system.

Several approaches have been proposed to compute tension in serial [101,137] and parallel

[1, 58, 74, 75, 145, 206] manipulators. Apart from those, since cable loops are not as

intuitive to design as the conventional rigid links, algorithms for optimal cable routing

and kinematic analysis have also been developed [38,186].

On the other hand, the analysis to prove the function of the proposed cable-constrained

RCM mechanism in this thesis was conducted through a constraint-based analysis [32].

This approach is a generalised algorithm that takes into account mechanical constraints

of all kinds. Such characteristic is vital for the analysis on the proposed RCM mecha-

nism, as the mechanical constraints of the system are sourced from both the cable loops

and the rigid links/joints. Further, assuming all cable loops are correctly tensioned,

a full mathematical proof including the RCM function as well as the fully constrained

(singularity-free) status is needed. The cable tension analysis based on constraint ap-

proach can share the generalised coordinates and the mathematical constraint equations

with the mathematical proof, simplifying the procedure of full analysis on the RCM mech-

anism. In addition, the constraint approach also solves for joint loads, which provides

guidelines in prototyping.

A brief summary of the constraint approach was published as part of the author’s work

in [112], including its principle, key equations and the projection of the generalised vari-
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ables onto those of the cable system. In short, the approach models the generalised

constraint forces along the mechanical constraints as a Lagrange multiplier, which relates

the generalised external loads applied onto a system to the mechanical constraints and

the generalised coordinates that describe the configuration of this system. The cable

tension and the joint loads are contained in the generalised constraint force terms. All

cable loops are described as constraint equations that link the rotation of two connected

pulleys in the cable loops. Further, the constraint status of the RCM mechanism can be

verified, by comparing the number of generalised coordinates and that of the constraint

equations. The full manuscript of [112] is attached in Chapter 4 along with the completed

analysis on the cable-constrained RCM mechanism.

2.2.2 Cable Loop Configurations

(a) Sample closed-loop configuration

[86].

(b) Sample open-loop configuration

[86].

Figure 2.16: Two configurations of a cable loop.

A cable loop can be realised in two forms: the closed-loop and open-loop configurations,

respectively [86, 143, 184], as shown in Fig. 2.16. A closed-loop cable can be driven

in either directions through one actuator, resulting in a simpler mechanical structure

[184]. Pretension of cable is often introduced to prevent slacking of cable at high speed

[184]. However, such pretension also introduces side effects such as friction and backlash

due to cable elasticity [184]. The open-loop cable features a bio-inspired antagonistic

configuration [184], where the two cable sections are connected to their own actuators,

respectively. The open-loop configuration resolves the pretension-related issues of the

closed-loop, in the expanse of mechanical simplicity.
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In this thesis, the closed-loop configuration is chosen to improve the performance of the

novel RCM mechanism for two reasons. Firstly, the cable loops are used to constrain

rather than actuate the mechanism. Secondly and more importantly, the simpler struc-

ture of closed-loop configuration reduces the complexity and thus device footprint of the

mechanism. To minimise the negative impacts of closed-loop configuration, the toothed

cable [184], i.e. timing belt, is used in the prototyping.

2.3 Concentric Tube Robots

2.3.1 Concentric Tube Robots - Overview

Figure 2.17: Principle of CTR by analogy with 2D springs [194].

The concentric tube robots (CTR) are formed by inserting elastic tubes concentrically

into each other [62]. Each elastic tubes, having their own pre-defined curved shapes,

interact with each other to define the overall shape of a combined CTR. In this process,

individual elastic tubes can experience bending (around two axes orthogonal to the local

longitudinal axis) or torsional (around the local longitudinal axis) deformation [62], where

the stable final shape is achieved upon equilibrium of force and moment. The principle

concept of CTR is illustrated in Fig. 2.17.

The shape of a CTR is controlled by altering the local pre-defined curvatures of the

elastic tubes at each cross-sections of the combined CTR. To achieve so, the elastic tubes

rotate and translate with respect to each other [196] and hence each tube is driven by
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two input DOF at its proximal end, which are the rotation around and translation along

the proximal longitudinal axis, respectively.

The structural simplicity and the actuation method of the CTR yield advantages in MIS

applications over the conventional rigid link manipulators and the tendon-driven contin-

uum manipulators. Without dedicated backbones [196] or transmission (e.g. actuation

tendons) running through the body, the mechanical structure of the CTR is highly sim-

plified. As such, the CTR can be downscale easily to needle-size for reducing the level

of invasion [110]. On the other hand, by introducing the translational DOF, the CTR

are inherently capably in long extension, i.e. advance of distal tip [165] and provide

better workspace coverage [110]. Further, “follow the lead” incision [61, 63, 140, 165] can

be achieved by telescopic extrusion [165] of individual elastic tubes. In the contrast,

long extension is difficult to achieve on tendon-driven continuum manipulators due to

the limited ability to extend the backbone, e.g. in [141].

The existing clinical applications of CTR have been well summarised in [62] and can be

broadly categorised into two aspects: the active cannulae [13, 15, 23, 25, 26, 28, 39, 40, 64–

66, 95, 173, 175, 182, 183, 187–189, 198, 199, 207], and miniature non-cannula manipulator

[24, 27, 79, 80, 174]. The surgical procedures involved include percutaneous [26, 39, 173],

transvascular [13,28,65,66,187–189], and trans-natural-orifices [24,27,79,80,95,125,174,

175, 182, 183], and the targeted organs include brain [15, 26, 39, 64], eyes [198, 199, 207],

beating heart [13, 15, 28, 188, 189], lung [95, 125, 175, 183], liver [23], and prostate [79,

80]. Among all procedures, the trans-natural-orifices ones are of least level of invasion.

Corresponding incision paths include nasal sinus [24,27,174], bronchial tube [95,125,175,

183], and urethra [79,80].

2.3.2 Kinetostatic Modelling - Robot Independent Mapping

Kinetostatic modelling of continuum robots comprises of two mappings [196]: the robot

independent (RI) mapping which computes the positions and orientations of the nodes on

the robot (task space) using the local curvatures (joint space), and the robot dependent
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(RD) mapping that determines the local curvatures based on the robot’s mechanical

structure and actuator inputs. As such, specific attention is paid to investigate the RD

mapping of CTR, while existing RI mappings are adopted to complete the full models.

This thesis follows the same strategy by focusing primarily on the RD mappings. The

commonly-used RI mapping described in [144] is used.

A CTR is modelled as a collection of frames that are attached to the cross-sections of

both the combined CTR and the individual elastic tubes [50, 52, 118, 151–153]. The RI

mapping relates the adjacent frames through local curvatures. And by propagating from

the proximal end of a CTR to the distal end, the positions and orientations of all the cross-

sections can be described in a global reference frame. The RI mapping approaches used

in continuum robot modelling are summarised in [196], including Denavit-Hartenburg

parameters in [73], Frenet-Serret frames in [35, 73] and exponential coordinates in [82,

151, 152, 156, 165, 194, 195, 197, 203]. The exponential coordinates approach, detailed

in [136], is widely used in the CTR models due to easy inclusion of the curvature terms,

which are the outputs of RD mappings.

In a CTR, all the frames attached to the same tube (combined CTR or individual elastic

tubes) can be regarded as the instantaneous configurations on the trajectory of a moving

frame that travels from the proximal end to the distal end of the tube [50,52,118]. This

enables the RI mapping to be developed based on an analogy to rigid body motion

[144, 152]. The difference being that the time derivative in rigid body motion becomes

the spatial derivative in the RI mapping, i.e. derivative with respect to arc length.

In rigid body motion, the exponential coordinates approach relates two configurations

of a moving body (two frames) through linear and angular velocities. Therefore, it can

be implemented in the RI mapping simply by replacing the time velocity terms with

spatial velocities, i.e. strains. Since the angular spatial velocity represents the curvature,

the output three-component (xyz) local curvatures computed by the RD mapping can

be directly substituted into the RI mapping without further modification. Moreover,

as the CTR models are solved through numerical integrations, the expressions in RI

mapping are written in discretised form, as presented in [144]. Note that for the early
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RD mappings [165,194,195,197] where an arc is described as the combination of in-plane

scalar curvature and rotation angle of the plane, the expressions for the exponential

coordinates are slightly different from those based on three-component curvature. The

corresponding expressions are presented in [165,196].

2.3.3 Kinetostatic Modelling - Robot Dependent Mapping

The RD mapping of CTR can be derived through two strategies [62] that are based on the

potential energy and the Newtonian equilibrium of force and moment, respectively. The

former include [82, 153, 156, 194, 195, 197]. The latter include [10, 118, 151, 152, 165, 203].

The two strategies are shown to be identical in [50,62,152].

Regardless of the strategy taken to derive the RD mapping, some common assumptions

are made [120]. These assumptions play vital roles in the derivation of RD mappings by

enabling significant simplifications of the key equations and increase in the computational

efficiency. On the other hand, they also affect the modelling accuracy. The assumptions

are listed below:

1. No longitudinal elongation and shear of elastic tubes. This is a standard assump-

tion in the Kirchoff rod theory, which is a special case of the Cosserat rod [152].

Calculations performed in [152] show an elongation of 10 micrometers when 10.1 N

of tension is applied to a Nitinol super-elastic tube with 1.75 mm outer diameter

and 207 mm length.

2. Linear constitutive law for bending and torsion, i.e. moments are directly propor-

tional to the deformation. This assumption is another standard one in the Kirchoff

rod theory. When used as an active cannula, the predicted strain of a Nitinol super-

elastic tube is normally below 3% [152], which stays within the 6-11 % linear range

of Nitinol [52,197].

3. Zero gap between elastic tubes, which ensures the centre lines of all tubes (thus the

origins and z-axes of local frames at the all cross-sections) are perfectly aligned.
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4. Zero friction between elastic tubes. The assumption is adopted by all RD mapping

approaches to date, while a separate investigation on friction is conducted in [117].

5. Zero mass of elastic tubes. The assumption is somewhat validated by observing a

tip deflection of less than 0.3 mm on a 150 mm Nitinol CTR with outer diameter

2.77 mm [118].

The potential-energy-based strategy is mostly adopted by the early RD mapping ap-

proaches, presumable due to inherent connection between elastic deformation of tubes

and elastic potential energy. These approaches do not consider external loads, except for

the one presented in [82]. The principle of the strategy is the minimisation of potential

energy in a CTR [62, 82], which states that the equilibrium conformation of a CTR is

reached when the total potential energy stored in the CTR is minimised.

In the cases where no external loads are considered, the overall potential energy of a

CTR is obtained by summing the elastic potential energy of the elastic tubes. The

sources of such elastic potential energy are the bending deformation over the entire elastic

tubes, and the torsional deformation in their straight sections [194,197] or over the entire

elastic tubes [82,156,195]. Euler-Lagrange/Euler-Poincaré equations, and optimal control

theory [21] are used in [156,195] and [82], respectively, to derive the differential equations

which are solved for the local curvatures corresponding to the minimum potential energy

of a CTR.

The external forces applied at the tip of a CTR is modelled as gravitational potential

energy in [82], where the reference plane of zero potential energy passes through the

proximal end of the CTR and is perpendicular to the direction in which the tip force is

applied. On the other hand, the potential-energy-based approaches have not explored

the distributed external forces, nor the external moments.

The Newtonian-based strategy is the foundation of most current RD mapping approaches,

due to easy and explicit consideration of external loads of all kinds. Newtonian-based

RD mapping starts with CTR subjected to bending deformation (no torsion) and zero

external load [165], then further developed to include torsion [50,52] and eventually both
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torsion and external loads [10,118,151,152,203].

The Newtonian RD mapping is developed based on the Cosserat rod theory [5,144,150].

The approaches consist of two steps [52, 118, 152, 203]: the Newtonian equilibrium of

force and moment to compute the concentrated forces and moments at each cross-section

of a CTR from the external loads, and the constitutive law that maps the moments to

the local curvatures. By applying the Newtonian equilibrium of force and moment on a

finite CTR section, a set of differential expressions [5] are derived, which describes the

spatial rates of changes of concentrated force and moment at a cross-section as a function

of local curvatures and the local concentrated force and moment themselves. A 6×6

transformation matrix is used [54] to deal with derivatives with respect to changing frames

[144], such that the objective evolution of the force and moment can be distinguished

from the changes due to the altered frames.

The Newtonian equations and the constitutive law can be used separately (one after an-

other at a cross-section) [52, 118, 203] or combined into a united expression [151, 152] in

an RD mapping approach. Further, the force and moment in the Newtonian equations

can be written as two separated terms [52, 118, 203] or as one combined term [151, 152].

The combined force/moment is achieved in the expanse of the implicit force information,

as well as the inability to deal with external forces described in local frames. The com-

binations of two key steps and the two forms of loads result in RD mapping approaches

with different computational efficiencies.

The solution of a CTR model involves solving differential equations whose boundary

conditions are separated at two ends of the CTR. The analytical solutions exist only for

simplified models with no torsion, or simple cases where the CTR contains two elastic

tubes or are of constant pre-defined curvatures [62]. All other cases, which are much closer

to the configurations of CTR in MIS applications, must be solved iteratively through nu-

merical integration. The shooting method is used to solve the boundary value problem

(BVP, separated boundary conditions), by making initial guesses to fix up the unknown

elements and convert the BVP into an initial value problem (IVP). Alternatively, force/-

torque sensors (FT sensors) are introduced to measure the actuator input forces and
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moments at the proximal end of a CTR for the conversion to IVP [203]. The numerical

integration can be started from both the proximal [155, 203] and distal ends [118] of a

CTR.

Provided that the CTR models are solved numerically, and the fact that the succeeding

design optimisation as well as control algorithms of CTR are all developed based on the

kinetostatic models, the substantial complexity (and thus the high computing time/cost)

is obstructing the further developments of CTR models towards higher accuracy, faster

solution time and less computational cost. It has been concluded that the current balance

between complexity and accuracy of CTR models is at a “sweet point” [62]. In this thesis,

fundamental study on the framework of RD mapping was conducted in the attempt to

improve the computational efficiency and enable faster solution of CTR model.

2.3.4 Design, Control and Path Planning

Although design, control and path planning of the CTR are beyond the scopes of this

thesis, they are essential components towards the applications. For the comprehensiveness

of the review, a brief summary regarding the development in these aspects is provided

below.

The snapping of CTR is a concern in the MIS applications, which involves sudden change

in configuration of a CTR and has been recognised in the early works on CTR models

[50, 52, 195, 197]. Such snapping is extremely dangerous, especially given that the CTR

will be used in neuro or cardiac surgeries to handle delicate but vital tissues [69]. From

the potential energy point of view, the principle of snapping is the rapid release of elastic

potential energy, and the fast transformation from one local minimum to another local

minimum point that is nearby and has a lower energy [69,202]. The snapping issue can be

reduced or eliminated through control or optimal design approaches [78]. For the control

approach, a path planning algorithm has been derived to actuate the CTR so that it

stays within the snap-free configurations [14]. On the design side, stability conditions

have been derived [60, 69], and design algorithms have been proposed for the optimal
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selections of pre-defined shapes [70, 78] or optimal engraved patterns on the surfaces of

elastic tubes [7,102], such that the stability of a CTR is improved when it is manoeuvred

within the targeted workspace.

With the torsional effect considered in the kinetostatic models, there are three basic

approaches for position control of a CTR. The first one involves pre-computation of kine-

tostatic solution over the entire workspace of a CTR, and then the solution of the inverse

kinematic problem as a root-finding problem [51,52]. While achieving fast computation,

a major drawback of this approach is the inability to deal with cases where multiple

direction kinematic solutions exist [62]. The second approach relies on fast computation

of arc length parameterised Jacobians and compliance matrices [154]. Such approach

is a generalised one which can be implemented on continuum robots of arbitrary archi-

tectures [154]. Further it addresses the issues associated with multiple direct kinematic

solutions [62]. However, it is less computationally efficient and cannot guarantee the

convergence of direct kinematic root-finding [62]. The last approach is also a Jacobian-

based approach [201]. It is developed based on a unique fast kinetostatic model [203]

that in cooperates actuator input forces and torques measured by force/torque sensors

(FT sensors). The introduction of FT sensors increases computational efficiency [203] in

the expanse of complex prototype design and being affected by sensor errors [62].

The advantages of CTR over other robotic manipulators lie on the ability to follow the

spatial curves and avoid obstacles. As such, tip position control alone is not sufficient to

fully utilise the advantages for MIS applications.

To compute the collision-free incision paths, an algorithm [124] has been proposed based

on potential fields [36] and thereby converts the path planning into a constrained non-

linear optimisation problem. One limitation of this approach is that the obstacles are

represented by discrete spheres and does not consider continuum body vessels. However,

a more critical issue is that the kinetostatic model [57] on which it is based is overly

simplified and does not consider torsional deformation of elastic tubes. The algorithm has

been further developed [125] based on an improved kinetostatic model [197] that consider

the twist of elastic tubes in their straight sections. The targeted incision path is the
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bronchial tube. The mechanics-based model that takes into account torsion in the entire

lengths of elastic tubes is utilised in [182], which computes the path through Rapidly-

Exploring Roadmap [2]. The approach has been validated for transnasal incision that

avoids bones, critical blood vessels and healthy brain tissue [182] and further implemented

for use in the bronchial tube [183].

Despite the generalised path planning approaches, design optimisation frameworks [4,15,

183] have been proposed, which generate CTR that fit specific anatomical structures, by

taken into account the corresponding obstacles and desired incision paths. The reason

being that the dexterity of individual CTR is limited [110] and highly dependent on the

design (selection of elastic tubes and pre-defined shape).

The algorithm in [4] computes the optimal incision path that goes through a series of pre-

defined spatial points. The outcome is an incision path with optimal number of curved

sections, as well as the length and final curvature of each section, which serve as design

parameters of the corresponding CTR. The pre-determined anatomical constraints and

way points are described as cost functions in the optimisation. The algorithm in [183]

combines the search in the design space with sampling-based motion planning in the

configuration space to generate a completed solution for the given anatomical structure

[62, 183]. The algorithm in [15] utilises a torsional compliant kinetostatic model [52]

and a penalty function that included anatomical constraints in the cost function, by fast

computation of initial CTR designs with torsionally-rigid assumption and refine theses

designs without.

To promote safer incision, systematic investigation on the follow-the-lead capability of

CTR has been conducted in [61, 63] to eliminate the change in shape of CTR during

advancing. Necessary constraint conditions have been derived, and the CTR are proven

to be capable of follow-the-lead incision given appropriate planar or helical pre-defined

curvatures and sequence of deployment. In another work, more generalised constraint

equations have been derived independently, which can be implemented on arbitrary ex-

tendible continuum robots [15].
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Apart from the position control and incision path planning algorithms, a stiffness con-

troller has been designed [127, 128] from a modified position controller. The controller

links the sensed CTR tip displacement with the actuator inputs, and thereby achieves

user-defined relation between tip displacement and force [62]. Such controller paves the

way to realise intrinsic sensing and control of tip force [128].





Chapter 3

The Dual-Triangular Linkage

A novel remote one-degree-of-freedom (one-DOF) planar remote centre of motion mech-

anism, the dual-triangular linkage (DT linkage) [34], was proposed to achieve the min-

imised footprint (chance of collisions), distantly-placed mechanism while preserving the

decoupled DOF on the current surgical robots with RCM. However, the range of motion

(ROM) of the proposed RCM mechanism was limited due to the singularities. Such sin-

gularities compromised the reduction in the footprint, as the large required ROM of the

MIS applications could only be achieved by a dual-triangular linkage with large dimen-

sions (and thus having a expanded footprint). Further, the claimed advantages of the

proposed RCM mechanism were not validated.

Based on the aforementioned research gaps, the specific objectives of the work presented

in this chapter were defined as follows:

1. To derive the constraint equations for the DT linkage, for the removal of singularities

(expansion in ROM).

2. To design auxiliary mechanisms that materialise the constraint equations.

3. To quantify the footprint of the DT linkage and compare to that of the parallelogram

based (PB) planar RCM mechanism.

37
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The work presented is published in [116], and the full manuscripts is attached below. The

major research outcomes are:

1. Two sources of singularities, which are the four-bar linkage and the parallelogram,

were identified.

2. Two constraint equations corresponding to the four-bar linkage and the parallelo-

gram were derived, respectively.

3. Two auxiliary mechanisms corresponding to the constraints were designed.

4. The ROM of the dual-triangular linkage was doubled.

5. The footprint of the DT linkage was compared to that of the PB design in a sim-

plified surgical scenario, and demonstrated up to 38% reduction.

6. A prototype, implementing the designs of the auxiliary mechanisms, was con-

structed to experimentally validate the RCM function.

All mathematical simulations regarding the footprint comparison were conducted with

Matlab. Supplementary information on the prototype is presented in Section 3.1.
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A Skeletal Prototype of Surgical
Arm Based on Dual-Triangular
Mechanism
The parallelogram-based remote center of motion (RCM) mechanism used for robotic
minimally invasive surgery (MIS) manipulators generates a relatively large device foot-
print. The consequence being larger chance of interference between the robotic arms and
restricted workspace, hence obstruct optimal surgical functioning. A novel mechanism
with RCM, dual-triangular linkage (DT-linkage), is introduced to reduce the occupied
space by the linkage while keeping sufficient space around the incision. Hence, the
chance of collisions among arms and tools can be reduced. The concept of this dual-
triangular linkage is proven mathematically and validated by a prototype. Auxiliary
mechanisms are introduced to remove the singularity at the fully folded configuration.
The characterized footprints of this new linkage and the one based on parallelograms are
analyzed and compared. [DOI: 10.1115/1.4032976]

1 Introduction

Robotic systems are generally considered to have higher preci-
sion than human operators [1] and are able to recover the lost dex-
terity or degrees-of-freedom (DOF) caused by the incision of
surgical devices into the patients’ bodies [2,3]. These advantages,
driven by the desire of providing less invasive and inherently safer
surgical procedures, have led to increasing involvement of robotic
systems in MIS.

To promote safety, robotic surgical systems include RCM prop-
erty as one of their central function [4], which allows the manipu-
lators to be pivoted around their incision ports. The RCM function
is normally achieved by the implementation of RCM mechanisms.
In addition to the RCM mechanisms, other mechanisms have to
be also integrated to provide the incision/retraction motion
through the incision port as well as the multi-DOF surgical manip-
ulation inside the patient’s body.

By definition, if a link of the mechanism can rotate around a
fixed point distal from the mechanism, while there is no physical
revolute joint at the fixed point, the mechanism is referred to as an
RCM mechanism [1,5]. A remote center (RC) can be constrained
virtually or mechanically [6]. In a virtual RCM, the RC is con-
strained by control strategies on a redundant robotic manipulator,
based on precise kinematic or dynamic model of the robot. The
strategies include dynamics posture decoupling [7], forward kine-
matics optimization method [8], adaptive force control [9], and
Cartesian control algorithm [10].

However for surgical procedures in which safety is vital, virtual
RCM mechanisms are less favorable due to possible error in con-
trol, sensing, or modeling. On the other hand, mechanical RCM
mechanisms are more reliable and considered suitable for clinical
applications [1]. Mechanical RCMs applied on surgical robots
have been well documented, which include isocenters [11], circu-
lar tracking arcs [12,13], parallelograms [2,14–18], synchronous
transmissions [19], and spherical linkages [20]. Mechanisms that
achieve multiple RCs mechanically are explored [21].

In practice, a common approach to generate the two-DOF RC
required in an MIS is to combine a selected one-DOF planar RCM
mechanism with a single revolute joint [1]. In this approach, the
planar RCM mechanism is located on the rotation axis of the revo-
lute joint so that the second DOF can be added. Parallelogram is
the selected planar RCM mechanism for many surgical robot sys-
tems of this type [1], including the most widely deployed da Vinci
series [15,22,23].

Despite being proven through clinical applications to be a reli-
able solution, most of the issues associated with a parallelogram-
based linkage (PB-linkage) are due to its footprint, which is
closely related to the output joint of the parallelogram. The pres-
ence of the output joint close to the incision port occupies addi-
tional space in the region near the RC. However, pushing such
joint further away from the RC to reduce the device footprint
within this region leads to longer output link, hence enlarges the
geometry of the parallelogram. This in turn expands the device
footprint, as it is generated by rotating the enclosed area of the
parallelogram around the axis of the single revolute joint. The
graphical illustration as well as details regarding mathematical
simulation are presented later in Sec. 3.

More significantly, the use of PB-linkage introduces negative
impact on the integration of the translational stage, which pro-
vides the translational DOF through the RC. On a PB-linkage, the
translational stage with its actuation needs to be mounted directly
onto the output link, which is operated within the region near the
RC. Thus, it increases the device footprint as well as the chance of
interference. The alternative solution is to mount the actuation
elsewhere, which forces the transmission to go through the RCM
mechanism, thus results in coupled motion and introduce diffi-
culty in the design of the mechanical structure as well as control
system. Poor access for bedside assistance [23] and larger chance
of collisions or restricted workspace for individuals have been
reported, hence prevent optimal surgical functioning [24]. Note
that while there exist RCM mechanisms that generate both
rotation and translation, they have coupled DOFs [25], or are
relatively bulky in transverse dimensions [26], or are
parallelogram-based which the footprint issue partially persists
[27]. For reducing complexity in control, promotion of confidence
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in safety in MIS applications and rapid manual positioning of the
center device or certain DOF [28], this paper focuses on the
nonparallelogram-based, planar RCM mechanisms that generate
one-DOF rotation only.

A novel RCM mechanism, named the DT-linkage, was
invented to minimize the footprint of robotic surgical arms, espe-
cially in region near the RC [29]. The first prototype, which is a
passive skeletal prototype based on the DT-linkage, was built for
proving the RCM function [6]. The new prototype is designed
taken into account the range of motion (ROM) requirements of
abdominal MIS applications, which is absent on the previous pro-
totype. It also contains the mechanisms for defining the position
of the RC in the space, as well as the actuations and control sys-
tem of the two-DOF RCM mechanism. Most importantly, this
prototype has auxiliary mechanisms that remove singularity from
the DT-linkage and double the ROM (comparing to the uncon-
strained previous prototype) without increasing the device foot-
print. Section 2 provides brief description on the conceptual
design as well as the auxiliary mechanisms to overcome singular-
ity. Section 3 produces an analysis on the footprints of the DT-
linkage and the PB-linkage. Section 4 presents the prototyping.

2 The DT-Linkage

The concept of the DT-linkage is shown in Fig. 1, which is
based on two pairs of similar triangles: one pair of OFG and OAC
and another pair of OHG and OEC. The similarities of these two
pairs are enforced by two parallelograms ABGF and EDGH,
respectively. The lengths of the links are constrained by

c

b
¼ f

e
¼ r (1)

where c, b, f, and e are the lengths of links AC, FG (AB), CE, and
GH (DE), respectively. Parameter r is a constant greater than 1.

The outer shape of the mechanism, since it can be adapted to ar-
bitrary four-bar linkage, was chosen according to a novel classifi-
cation of four-bar linkage [30]. The selected final shape is known
as 2 K-SLLS structure. In such structure, 2 stands for two link
lengths, K stands for the symmetry kite shape, SLLS (short-long-
long-short) stands for the configuration of links in which the links
with the same length are adjacent to each other, while the ground
and output links being the longer ones. The 2 K-SLLS shape sim-
plifies the geometry of the DT-linkage, as the geometry is fully
defined by two rather than four link lengths. In addition, the sym-
metry shape leads to easy implementation of auxiliary mecha-
nisms for removing the singularity, which is described in Sec. 3.
The reason why 2 K-SLLS is used instead of 2 K-LSSL is that its
input and connector links are shorter than the ground and output
links, hence the DT-linkage is pushed relatively further away
from the RC. In this planar RCM mechanism, links AF (AO), AC,

CE, and EH (EO) are the ground, input, connector, and output
links, respectively. Point O is the RC. Links BG, FG, DG, and GH
belong to parallelograms ABGF and DEHG for constraining the
RCM function. To adapt to the 2 K-SLLS outer shape of the four-
bar linkage, the lengths of links satisfy the following conditions to
achieve the symmetric outer shape (2 K condition):

c ¼ f

b ¼ e
(2)

The straight link that is rigidly connected to output link EH rep-
resents the cantilever that connects the DT-linkage and the surgi-
cal tool. The distance from the input joint to the RC is
independent of the size of the linkage. Therefore, the major part
of the mechanical structure is maintained distal from the RC, leav-
ing a single cantilever in the region near the restricted space near
the incision port. The mathematical proof of the RCM property is
provided in Ref. [6].

The DT-linkage can also be derived from the planar Kempe
focal point linkage [31], as shown in Fig. 2. The linkage is origi-
nated as part of a mathematical problem, in which the mobility
conditions of highly constrained eight-piece linkage are investi-
gated. The solutions are six classes of mobile linkages that are dis-
tinguished based on the link length relations, and the Kempe focal
point linkage is a special case of one of those. The mobility condi-
tion of the Kempe focal point linkage is given by [32]

a1

a2

¼ c2

c1

b1

b2

¼ d2

d1

(3)

When the DT-linkage is compared to the Kempe mechanism,
links AF, AC, CE, and EH of the DT-linkage correspond to links
LY, LM, MN, and NX of the Kempe mechanism, respectively.
Links FG, BG, DG, and GH of the DT-linkage correspond to links
YP, UP, VP, and PX of the Kempe mechanism, respectively. The
virtual links, links FO and HO, of the DT-linkage correspond to
the physical links, links YR and XR, of the Kempe mechanism.
The RC O of the DT-linkage correspond to the focal point R of
the Kempe mechanism. By comparing Figs. 1 and 2, Eq. (3) in
terms of link lengths for the DT-linkage is rewritten as

b

c� b
¼ FG

BC
¼ HO

EH

f � e

e
¼ CD

GH
¼ AF

FO

(4)

On the other hand, combining Eqs. (1) and (2) with similar tri-
angles BCG, FGO, DCG, and HGO yields

Fig. 1 Conceptual design using the DT-linkage Fig. 2 The planar Kempe linkage in its general form
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AF

FO
¼ BG

FO
¼ BC

FG
¼ CD

GH
¼ DG

HO
¼ EH

HO
(5)

By comparing Eqs. (4) and (5), it is proven that an arbitrary
DT-linkage unconditionally satisfies Eq. (4). Therefore, the DT-
linkage is shown to be a special case of the Kempe mechanism by
removing the focal point R.

Referring to Fig. 1, the input–output function of the RCM
mechanism can be found readily as

hout ¼ p� 2arctan
CJ

JO
¼ p� 2arctan

AC sin hin

AO � AC cos hin

(6)

where hin and hout are the input angle measured from link AO to
AC counterclockwise and the output angle measured from AO to
OE counterclockwise, respectively.

The limit in ROM, i.e., the minimum hout, is reached at the fully
stretched-out configuration where links AC and CE are inline with
each other. Link AC is perpendicular to line CO, thus the ROM is
written as

ROM ¼ 2arcsinð�Þ (7)

where

� ¼ AC

AO
(8)

It is known that parallelograms encounter singularity when all
links are collinear. Two identical auxiliary parallelograms,
AA’F’F and DD’G’G, are introduced to constrain parallelograms
ABGF and DEHG, respectively, as shown in Fig. 3. Links AA’,
FF’, DD’, and GG’ are machined as part of links AC, FG, CE, and
GH, respectively, and they are angularly displaced from the links
they are attached to. Links A’F’ and G’D’ are introduced addition-
ally to complete the auxiliary parallelograms. These auxiliary par-
allelograms are not in the singular configuration simultaneously
with the existing ones, hence are constraining each other and
remove singularity.

Another type of singularities is due to the virtual four-bar link-
age OACE with the symmetry kite shape as shown in Fig. 1. The
singularities happen when links OE and OA overlap, i.e.,

/OAC ¼ /OEC ¼ 0 (9)

and

/OAC ¼ /OEC ¼ p (10)

where links CE and CA overlap as well. The DT-linkage is
designed to fold toward right from the fully stretched-out configu-
ration as shown in Fig. 3. Therefore, the only singular configura-
tion encountered is the case in Eq. (10). This singularity is also a

bifurcation point where two possible configurations can be
reached by passing it, which are given by

/ACE ¼ 0 (11)

or

/ACE ¼ 2/OCA (12)

The former case is an undesired configuration where the output
link stays overlapped with the ground axis. To overcome the sin-
gularity, constraints as shown in Eq. (12) are enforced.

The design of auxiliary mechanism for four-bar linkage is
shown in Figs. 4 and 5. The figures are the right and left views,
respectively. The auxiliary mechanism consists of a diagonal link
group CG and a gear train. Referring to the two figures, links AC
(lower) and CE (upper) that are synchronized are colored green.
The diagonal link group CG with the translational joint is colored
blue. Gears 2 (visible in Fig. 4 only) and 3 (visible in Fig. 5 only)
are colored orange. The remaining gear, Gear 4 (visible in Fig. 5
only) is colored red.

Link group CG is coincident with the symmetry line CO of the
four-bar linkage. It provides a reference for synchronizing /OCE
and /OCA. To accommodate for the change in distance between
joints C and G, a translational joint is introduced to divide link
CG into two parts, which are connected to joints C and G, respec-
tively. The gear train consists of five gears. Gears 1 and 5 are rig-
idly attached to links AC and CE, respectively. Gears 2–4 rotate
freely on link group CG. Gear 2 measures /OCA. Gear 3 is rig-
idly connected to and rotates with gear 2, in order to reach gear 4
on the other side of link group CG. Gear 4 measures /OCE. It
engages with gear 3 to ensure the two angles are synchronized
and stay in opposite in direction. Therefore, the constraint shown

Fig. 3 Configuration of auxiliary parallelograms

Fig. 4 Configuration of auxiliary mechanism for four-bar
linkage—right view

Fig. 5 Configuration of auxiliary mechanism for four-bar
linkage—left view
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in Eq. (12) is enforced, and the four-bar linkage is fully
constrained.

By permitting the linkage to cross the singular configuration,
the DT-linkage is able to reach two extreme configurations, in
which links AC and CE are inline with each other above and
below the singular configuration. Therefore, the extended ROM of
the DT-linkage is given, based on Eq. (7), by

ROM ¼ 4arcsinð�Þ (13)

3 Analysis of Footprint

The footprint of the DT-linkage is analyzed against the typical
PB-linkage used in a number of machines [2,14–18]. Since the
two-DOF RCM mechanism is formed by combining a planar
RCM mechanism with a revolute joint, the overall device foot-
print is generated by rotating the planar area enclosed by the
boundary of the planar RCM mechanism. For this reason, the
analysis on the overall device footprint can be simplified as analy-
sis on planar enclosed area of the planar RCM mechanism. Such
area is called characteristic area for convenience. The details
regarding the calculation of characteristic area are presented in
the later paragraphs.

The circle centered at RC represents a restricted region with ra-
dius of R, where the RCM mechanisms and the cantilever are pre-
vented from accessing, in order to yield more space around the
incision for the surgical tools and human surgeons. Here, only the
surgical tool mounted on the output link can access this region.
The left and right solid lines within the circle represent the left
and right boundaries of the ROM. The surgical tools in Fig. 6 are
the middle position of the ROM. The configurations of the RCM
mechanisms at RHS and LHS boundaries are as shown in Figs. 7
and 8, respectively.

The bold lines in the figures represent the simplified outlines of
the RCM mechanisms, where the bold circles are the joints. The
dashed lines indicate the ground axis. All other links or auxiliary
mechanisms are hidden and the RCM mechanisms are assumed to
be fully constrained. The DT-linkage is arranged in its fully folded
configuration when reaching the midposition of the operational

range. The shape of the cantilever is designed to be straight,
although it can be further optimized. Note that a cantilever is nec-
essary for the DT-linkage, as its output ROM (without the cantile-
ver) does not align with the required one.

The geometries of the RCM mechanisms are set to be the mini-
mum that do not invade the restricted region. For the DT-linkage,
the length of surgical tool is minimized so that the cantilever is
always tangent to the circle of the restricted region, as shown in
Figs. 6–8. For the PB-linkage, the length of the surgical tool is set so
that the connector link of the parallelogram is tangent to the circle of
the restricted region when reaching the boundaries of the ROM, as
shown in Figs. 7. As a result, the connector link of the PB-linkage is
located above the circle at the midposition, as shown in Figs. 6.

The characteristic area is the area bounded by the RCM mecha-
nisms, the cantilever, the surgical tool, and the ground axis. For
example, in Fig. 6, the characteristic areas are the triangle and the
rectangle for the DT-linkage and PB-linkage, respectively. In
Fig. 8, the characteristic area of the DT-linkage is calculated as
the sum of areas of two triangles. To evaluate the footprints of the
RCM mechanisms over the ROM, the average value of the charac-
teristic areas at the left, middle, and right positions are taken to
assess the footprint of a design.

In the analysis, the radius R is varied from 30 to 300 mm, while
the ROM is varied from 30 to 150 deg. The distance L between
the input joints of the RCM mechanisms and RC is fixed at
400 mm. The average characteristic areas of the DT-linkage and
PB-linkage with respect to R and ROM are presented in Figs. 9(a)
and 9(b), respectively. The maximum average characteristic area
is 995 cm2 and 1332 cm2 for the DT-linkage and PB-linkage,
respectively. The minimum average characteristic area is 167 cm2

and 121 cm2 for the DT-linkage and PB-linkage, respectively.
The difference between the average characteristic areas of the

PB-linkage and DT-linkage is shown in Fig. 10, with the maxi-
mum and minimum differences being 402 cm2 and �330 cm2,
respectively. The triangular cyan region in top right corner of
Fig. 10 is a region where both RCM mechanisms violate the re-
stricted region. More than half of the combinations of ROM and
radius, the average characteristic area of the DT-linkage is smaller
than that of the PB-linkage. When the radius is greater than
around 100 mm, the average characteristic area of the DT-linkage
is smaller within the full range of ROM. The percentage of the
difference is shown in Fig. 11, where only positive percentages
are displayed. A positive percentage indicates the percentage of
the average characteristic area reduced by the DT-linkage over
that of the PB-linkage. The improvements are from 20% to 38.5%

Fig. 6 Planar RCM mechanisms at midposition of ROM: (a) DT-
linkage and (b) PB-linkage

Fig. 7 Planar RCM mechanisms at right boundary of ROM: (a)
DT-linkage and (b) PB-linkage

Fig. 8 Planar RCM mechanisms at left boundary of ROM: (a)
DT-linkage and (b) PB-linkage
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in a large area as shown in Fig. 11. The configuration where the
average characteristic area of the DT-linage reaches the highest
percentage difference is at ROM of 30 deg and radius of 174 mm.
The footprints are 432 cm2 and 703 cm2, respectively. The percent-
age difference is 38.5%. Another advantage of the DT-linkage is
the cantilever rigidly connected to the output link can be designed
in any shape to accommodate actuators for driving surgical tools.

4 Prototyping

A scaled-down skeletal prototype of a two-DOF surgical arm
based on the DT-linkage, as shown in Fig. 12, was developed to
validate the conceptual design. The prototype consists of three
mechanical parts:

(1) the two-DOF RCM mechanism based on DT-linkage
(2) the three-DOF passive robotic arm for defining the position

of RC in 3D space
(3) the base that holds the above-mentioned mechanisms

In the final prototype, the ROMs of the rotations around the first
and second axes are 69 deg and 270 deg, respectively, satisfying
the requirement in an abdominal MIS [13]. According to the
input–output relation of the DT-linkage, as shown in Fig. 13, the
effective working range is from 150 to 210 deg.

Figure 14 shows the two-DOF RCM mechanism with servos.
The DT-linkage is at its upper limit position and the first axis rev-
olute joint is in home position. The first axis mechanism is merely
a servo. The second servo is mounted onto the frame of DT-
linkage and drives the input link through pulleys. The timing belt
is not shown. Note that the cantilever that is rigidly mounted to
the output link of the RCM mechanism is not optimized for the
smallest footprint.

The three-DOF passive robotic arm for defining the position of
RC utilizes the SCARA structure. All three revolute joints on the
passive arm are equipped with normally closed magnetic brakes
to secure the defined horizontal position of the RC. The table-like

Fig. 9 Average footprints of RCM mechanisms: (a) DT-linkage
and (b) PB-linkage

Fig. 10 Difference in characteristic areas of the RCM mechanisms

Fig. 11 Percentage difference in characteristic areas of the
RCM mechanisms—DT-linkage supremacy region

Fig. 12 Skeletal prototype of two-DOF surgical arm
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structure underneath the elevation stage is the lockable mobile
base with a cabinet to hold the electronic components.

Different configurations of the prototype two-DOF RCM mech-
anism are presented in Fig. 15. The RC is located at the lower end
of the rod attached to the cantilever. The top left, top right, and
bottom left figures correspond to the upper extreme, center of
ROM and the lower extreme of the DT-linkage, respectively. The
first axis of rotation is in home position in these configurations. In
bottom right figure, the first axis of rotation is maneuvered to one
of its extreme, with the DT-linkage moved to the lower extreme.

Preliminary experiment was conducted to verify the positioning
accuracy of the RC. Since the first axis of rotation of the prototype
is merely a revolute joint, the experiment was conducted for the
DT-linkage only. The experimental setup is shown in Fig. 16. The
lenses of the camera, the DT-linkage, and the screen that displays
the scales were adjusted in such a way that they are in three paral-
lel planes. The position of the screen was adjusted according to

the position of the revolute joint (first axis of rotation) of the
RCM prototype, so that the center of the screen is coincident with
the theoretical RC. Grids are displayed on the screen for meas-
uring the position of the output RC of the DT-linkage. The posi-
tion of the camera was adjusted in the same way, such that the
center of the lenses is coincident with the theoretical RC.

In the experiment, the DT-linkage was actuated from one end
of its ROM to the other, with an interval of 5 deg. The purpose is
to examine the positioning accuracy of the DT-linkage within its
full ROM. Photos of the output rod of the DT-linkage were taken
and the positions of the output RC (marked on the output rod)
were read and recorded from the photos. The results are presented
in Fig. 17. The x and y correspond to the horizontal and vertical
directions, respectively. The overall error is the distance between
the actual and the theoretical output RCs, which is calculated
from the horizontal and vertical components.

Although the RCM of the DT-linkage is proven mathemati-
cally, the horizontal positioning error (<3.5 mm) and the vertical
positioning error (<24.5 mm) were found while the maximum
error appears close to where the DT-linkage is fully folded. The
factors to these errors include the machining and assembly errors,
backlashes in gear transmission, geometry misalignment, and the
image errors due to the equipment errors due to the experiment
setup. In the design and machining procedures, the lengths of links
FG and GH require rounding. More significantly, some custom-
made shafts were bent during the hardening process. Straightening
process was carried out in the attempt to correct the bend, but it
failed to restore the shafts to the perfectly straight condition,
which in turn leads to geometry misalignment. In addition, it
removed materials from the surfaces of the shafts, resulting in
loose clearance fit on the joints that permits the links to wobble

Fig. 13 Input–output plot of the DT-linkage

Fig. 14 CAD model of the two-DOF RCM mechanism

Fig. 15 Different configurations of the two-DOF RCM
mechanism

Fig. 16 The experimental setup

Fig. 17 RC position error of DT-linkage
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around the shafts. These manufacturing issues together dominate
the significant positioning error on the output RC of the prototype.

5 Conclusion

A new RCM mechanism, the DT-linkage, was introduced. The
concept was proven mathematically and validated by experiments.
The singularity of the planar RCM mechanism was analyzed and
overcome by auxiliary mechanisms, so that the ROM of the RCM
mechanism is doubled without increasing the footprint of the
mechanism. A skeletal prototype of a surgical robotic arm based
on the DT-linkage was developed. According to the footprint
analysis, the DT-linkage reduces the footprint occupied by the
linkage by 20–30%, as compared to that of the PB-linkage, in a
large design area.
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46 3.1. SUPPLEMENTARY INFORMATION ON THE PROTOTYPE

3.1 Supplementary Information on the Prototype

With Eq. (12) defining the necessary mechanical constraint, several mechanical designs

have been considered to materialise this constraint equation. The options are below.

1. Gear train (as used on the final prototype).

2. Cable.

3. Active control with additional actuator.

The gear train with simple spur gears is selected because of its compact size. The use of

anti-backlash gears has been considered, which include the use of readily available stock

models as well as designing customised anti-backlash mechanism with simple spur gears.

However, the anti-backlash option is not implemented due to the large size and design

complexity.

The cable option is abandoned on this prototype due to the complexity of cable ten-

sion/stiffness analysis and the need to introduce tensioners in the prototype. It is not

until the completion of the cable tension/stiffness analysis (detailed in Chapter 4) that

a cable-based design is feasible.

The active control scheme involves an additional actuator that is mounted at joints C or

G and actively forces the DT-linkage to stay in the desired configuration. This option

is not implemented as the additional actuator can significantly compromise the compact

footprint of the DT-linkage. Also, the synchronisation between the additional actuator

with the existing actuator is complicated.



Chapter 4

The Cable-Constrained

Dual-Triangular Linkage

The prototype of the improved DT linkage presented in Chapter 3 has the following

issues:

1. The gear-based auxiliary mechanism for constraining the four-bar linkage introduces

backlash.

2. The auxiliary parallelograms occupy additional space between the input joint and

the remote centre, which conflicts with the design concept of maximising such

clearance.

3. The parallelograms occupy too many “layers” in the transverse direction, poten-

tially introducing difficulties in design optimisation towards slimmer mechanism.

In addition, the footprint study conducted previously did not fully demonstrate the ad-

vantages of the DT linkage.

These drawbacks motivated the development of the cable-constrained DT linkage and

the further investigation regarding the device footprint in this chapter. The specific

objectives of the work were:
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1. To design cable loops that fully-constrain the DT linkage.

2. To prove the functioning of the cable-based mechanism.

3. To quantify the footprint of the DT linkage through more approaches, and compare

to that of the PB planar RCM mechanism.

The work presented is published in [112], and the full manuscripts is attached below. The

major research outcomes are:

1. A new design of the DT linkage, consisting of three cable loops, was proposed.

2. The RCM function and the cable tension were proven mathematically through a

constraint-based analysis.

3. The mathematical analysis was further verified through finite element analysis and

a new prototype.

4. The footprint comparison was conducted, where the footprint was described

through three approaches as the sweeping volume, the additional space needed

to manipulate the RCM mechanism, and the weight of the RCM mechanism. The

corresponding reduction in the footprint of the DT linkage were up to 35%, 83%

and 80%, respectively.

5. The new cable-based prototype demonstrated larger clearance between the base

joint and the remote centre than that in the previous prototype. Further, the

transverse dimension was reduced and the backlash was eliminated.

The numerical calculations of cable tension and the mathematical simulations regarding

the improved footprint comparison were conducted in Matlab.

Apart from the work published, another prototype (Figs. 4.1 and 4.2) with higher stiffness

and better RC precision was constructed for future research and patent application. The

second cable-based prototype features metal links, steel wire rope cable and precise ball

bearings to replace the 3D-printed plastic links, polymer cable and bushings on the first
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Figure 4.1: CAD model of the improved cable prototype.

Figure 4.2: The improved cable-based prototype.

cable-based prototype, respectively.
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A B S T R A C T

Mechanical remote centre of motion (RCM) mechanisms are often used to construct robotic
minimally-invasive surgical manipulators, such that potential damage on the incision ports is
eliminated. Current parallelogram-based RCM linkages (PB-linkage) typically have large foot-
prints that compromise optimal surgical operations. A novel cable system with remote centre
of motion is proposed to reduce the footprint. The RCM function of the cable system is proven
mathematically. A new approach based on constraint analysis is conducted to determine the
magnitudes of tension. The results are validated by finite element analysis, hence proves the
use of constraint approach and the functioning of the cable system. Upon verification, the
footprint of the cable linkage is compared to that of a PB-linkage in a simplified surgical sce-
nario through three approaches. The quantitative analysis shows that the cable linkage has a
smaller footprint in more than half of the design points in all approaches. A prototype is built
for proofing the concept of the cable linkage.

© 2016 Elsevier Ltd. All rights reserved.

1. Introduction

In a minimally-invasive surgery (MIS), the surgical instrument is constrained to have four degrees-of-freedom (DOF) through
the incision port [1]: pitch, yaw, translation along the longitudinal axis and roll. The first three DOF in combine function as a
spherical coordinate system to define the position of end-effector inside the patient’s body. Remote centre of motion (RCM)
mechanisms provide the two rotational DOF while permitting the surgical instrument to pivot around the incision port, hence
eliminate potential damage to the incision port and promote the safety of MIS procedures [2].The RCM function refers to the
capability of a mechanism to rotate its link(s) around a remote point without having a physical revolute joint at the point [3,4]. A
remote centre (RC) can be constrained virtually or mechanically [5]. Mechanical RCM mechanisms are more reliable and consid-
ered suitable for clinical applications [3]. Mechanical RCM mechanisms that generate single RC and are applied on robotic MIS
systems include isocentres [6], circular tracking arcs [7,8], parallelograms [9–14], synchronous transmissions [15] and spherical
linkages [16]. In addition, there are RCM mechanisms that generate multiple RCs [17].

A commonly used approach to synthetise a two-DOF RCM mechanism is to combine a planar RCM mechanism with a revolute
joint [3]. The axis of the revolute joint coincides with the one-DOF RC to add the second DOF. Such approach results in fully
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decoupled rotational DOF, whose benefits include reduced complexity in control, promoted level of confidence in safety as well
as rapid and intuitive manual positioning of the entire mechanism or individual DOF [1].

The translational DOF required in the MIS applications is often achieved by mounting an independent translational mech-
anism on the two-DOF RCM mechanism. A typical example of such three-DOF mechanism is the clinically-approved da Vinci
series robotic surgical system [11,18,19]. In other approaches, various types of RCM mechanisms that also provide translational
DOF are explored [20–22]. However, these mechanisms have coupled DOF [20], or are relatively bulky in terms of the transverse
dimension [21], or have large sweeping volume upon rotation of the planar RCM mechanism around the revolute joint, due to
the large enclosed area by the outer boundary of the planar RCM mechanism [22].

The parallelogram-based structure is widely used as the planar RCM mechanism in the robotic MIS systems [3]. However, there
are footprint issues associated with the parallelogram-base linkages (PB-linkage), which the consequences being poor access for
bedside assistance [19] and the compromise in optimal surgical functioning [23]. The term “footprint” is mostly referred to as the
sweeping volume of the RCM mechanism, which is generated by the rotation of the planar RCM mechanism around the revolute
joint. The sweeping volume is thus related to the area enclosed by the outer boundary of the planar RCM mechanism.

When the output link of the parallelogram is short, the output joint of the PB-linkage is positioned closely to the incision
ports. Given that the space around an incision port is often crowded with robotic or manual surgical tools, the collision-free
workspace is reduced and the chance of interference is increased. The transmission for the translational mechanism mounted
on the output link of the PB-linkage goes through the output joint, causing further expansion in size.

In opposite case where a longer output link is used to displace the output joint away from the mechanism, the size of the
parallelogram and thus the enclosed area is increased. The consequence being the increase in the sweeping volume, which
again leads to increase in chance of interference. Apart from the sweeping volume, longer links occupy more space even when
the linkage is stationary. It also increases the weight and inertia of the system. Quantitative analysis on the footprint of the
PB-linkage though three approaches is presented in Section 5.

This paper proposes a cable linkage with RCM, in the attempt to address the footprint issue associated with the PB-linkage.
The entire RCM mechanism is kept relatively faraway from the RC, when the distance between the input joint and the RC is
given. A cantilever is rigidly mounted on to the output link. It is the only part of the entire RCM mechanism that is operated
near the RC. Therefore, the cable system can leave more collision-free workspace for the neighbouring robotic surgical arms or
human surgeons to operate. In addition, the enclosed area of the planar RCM is relatively small, resulting in a smaller sweeping
volume. Further, the links are relatively short, which reduces the space taken by the links when stationary, and potentially
reduce the weight and inertia of the mechanism. A comparison between footprint of the proposed linkage and the PB-linkage is
presented in Section 5.

Cable-pulley mechanism provides advantages such as structure simplicity, compactness, light weight, low friction and low
backlash [24]. Therefore it is widely applied on serial and parallel robotic manipulators, as summarised in [25] and [26],
respectively. In MIS applications, the evolution from linkage-based da Vinci system [11] to cable-based da Vinci systems [18,19]
shows significant deduction in the size of linkage. As such, the proposed planar RCM mechanism is developed based on
cable-pulley mechanism.

Cable tension analysis is essential for proof of functioning of the cable linkage. Approaches for describing cable tension of
cable-constrained open-chain linkage and multi-link parallel manipulator are available in [27] and [28], respectively. However,
a more generalised approach based on mechanical constraint [29] is used in the analysis. The reason being that the proposed
linkage is based on four-bar linkage and is affected by the singularity of an unconstrained four-bar linkage. The constraint
approach provides indication on the constraint status of the mechanism, thus enable justification on the removal of singularity.
The cable tension is solved as generalised force along mechanical constraints. Numerical solution of cable tension is obtained
using QR decomposition and verified with static finite element simulation in ANSYS.

The rest of the paper is arranged as follows. Section 2 describes the design of the cable linkage and the proof of the RCM
function. Section 3 applies the constraint-based analysis. Constraint equations are derived. Cable tension is solved and verified
with finite element analysis. The functioning of the cable loops is hence proven. Section 4 calculates the minimum required cable
stiffness to achieve a given overall stiffness of the linkage. Section 5 compares the footprints of the cable linkage and PB-linkage
in a simplified surgical scenario. Section 6 introduces the prototype of the cable linkage.

2. The cable linkage with RCM

In this section, the design of cable linkage with RCM is presented, along with the proof of RCM under the condition that the
cable is in tension.

2.1. Design of cable linkage

The design of the cable linkage with RCM is illustrated in Figs. 1 and 2, where the schematic diagram of links (without cable
loops) and the full schematic diagram are presented, respectively. The cable linkage consists of eight links and seven pulleys
that are arranged in three cable loops. As illustrated in Fig. 1, the links are AF, AC, CE, EH, BG, DG, CI and IG, respectively. Joint
I is a passive prismatic joint while all other joints (indicated by the small circles) are revolute joints. Note that joints B and D
do not divide links AC and CE, respectively. For convenience, links CI, IG and passive prismatic joint I are grouped and termed
“diagonal link CG” in the later descriptions. Different configurations of the cable linkage are presented in Figs. 3 and 4. ROM in
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Fig. 1. Configuration of links.

Fig. 2. Configuration of links and cable loops.

the figures stands for range of motion. The limits in ROM above and below the ground (AO), and the centre configuration where
all links are overlapped with the ground are illustrated in Fig. 3. Two mid-point configurations in between the centre and two
limits in ROM are illustrated in Fig. 4. Note that pulleys and cable loops are not drawn for clarity of figures. In Fig. 3, all labelled
joints are for the centre configuration only, where all the links overlap with the ground while D, E and H are coincident with B,
A and F, respectively.

Point O is the remote centre. Links AF, AC, CE and EH are the ground, input, connector and output links, respectively. Links AC
and CE, with virtual links AO and EO, form virtual four-bar linkage ACEO. Links BG and DG constraint the motion of the linkage.
Link CG is the diagonal link of the virtual four-bar linkage. It contains a passive prismatic joint, Joint I, to accommodate for the
change in length of CG with respect to movement of linkage. The distance between Joints C and I is constant while the distance
between Joints I and G changes. The shape and size of output Link EH can be optimised freely to suit specific MIS applications.

The three cable loops are called Loops PL, FB and PU, for the lower, middle and upper loops in Fig. 2, respectively. Loop PL
connects Pulleys P1 and P2, which are rigidly attached to Links AF and BG, respectively. Loop FB connects Pulleys P3 to P5. Pulley
P3 is rigidly attached to Link AC. Pulley P4 rotates freely at I. Pulley P5 is rigidly attached to Link CE. The cable connecting P4 and

Fig. 3. Configurations at two extremes and centre of ROM.
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Fig. 4. Configurations at mid-points.

P5 has crossed configuration. Loop PU connects Pulleys P6 and P7, which are rigidly attached to Links DG and EH, respectively.
Note that although there exist two forms of cable loop, which are the end-less tendon drive and the open-ended tendon drive,
as classified in [25], they are not distinguished in the 2D design of the cable linkage. The reason is that the synchronised rotation
of pulleys, which is the essential mechanical constraint of the cable linkage, can be achieved equivalently using two forms of
cable loop under the assumptions of zero cable slippage elongation.

Loops PL and PU ensure Links BG and EH are parallel to AF and DG, respectively. Slip of cable on pulleys in Loops PL and PU
ruins the parallel constraint, thus cause failure in maintaining the RCM function. Loop FB permits the cable linkage to pass the
configuration where all links overlap with the ground, which is the singular configuration of an unconstrained four-bar linkage.
Slip of cable in Loop FB does not affect the RCM function. In non-overlapped configurations, Loop FB is redundant. In the overlap
configuration, slip of cable in Loop FB can cause the cable linkage to turn into an undesired configuration, where the output link
stays coincident with the ground regardless of the input angle. Thus the position of the remote centre is not affected, despite
the lost of mobility. More details regarding the singularity are described in the later paragraphs of this section.

The outer shape of the cable linkage, which is virtual four-bar linkage ACEO, is symmetrical to simplify the geometry. Links
AC and CE have equal link length. Virtual links AO and CO have another equal link length, which is longer than that of AC and
CE. Such structure ensures that the link length of the RCM mechanism is always smaller than the distance between the input
joint A and the remote centre O. Hence the RCM mechanism is considered to be relatively faraway from the remote centre.

The geometry of the linkage is fully defined by two parameters, v and r, expressed mathematically as

v =
LAC

LAO
=

LCE

LEO
(1)

and

r =
LAC

LAB
=

LCE

LDE
(2)

To ensure Links AC and CE are shorter than AO and CO, v is smaller than one. With a given length AO, the range of motion
(ROM) of the RCM mechanism is fully defined by v. As shown in Fig. 3, the centre (diagonal) line CO is perpendicular to ACE at
two ends of ROM. Therefore, the ROM is

ROM = 4 arcsin v (3)

Parameter r is greater than one. It defines the geometry of four-bar linkage BCDG, where the length of Links BG and DG is

LBG = LDG =
(

1 − 1
r

)
LAO (4)

Eq. (4) indicates that the larger the r, the longer Links BG and DG are. Four-bar linkage BCDG occupies additional space between
Links AC, CE and the RC, thus a smaller r is desired to leave more clearance around the RC.

The configuration where all links overlap with ground is a bifurcation (singularity) configuration of an unconstrained four-bar
linkage, where two possible configurations can be achieved upon crossing

∠BCD = ∠BGD = 0 (5)
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Fig. 5. Cables in tension in upward motion.

and

∠BCD = 2∠BCG (6)

where Eq. (6) can be equivalently expressed as

∠BGD = 2∠BGC (7)

The first configuration shown in Eq. (5) is an undesired configuration where Links BG, DG and EH stay overlapped with ground
(AF/AO) regardless of the input angle. In this case the mobility of the linkage is lost. Therefore, Eq. (6) or (7) needs to be enforced
to fully constrain the linkage.

The cable linage achieves Eq. (6). In Loop FB, ∠BCG and ∠DCG are related to the relative rotations of Pulleys P3 and P5 with
respect to diagonal link CG, respectively. Pulley P4 allows the two angles to be synchronised hence eliminates the chance of
turning into Eq. (5). In this design, P3 and P5 are placed at Joint C to maximise the clearance between Links AC, CE and the RC.

The cable on one side of a loop is in tension in one direction of motion of the linkage. The sides of loops that are in tension in
the upward and downward motions of the linkage are shown in Figs. 5 and 6, respectively.

2.2. Proof of RCM function

The proof of RCM function of the cable linkage is conducted based on the condition that the cable loops are functioning cor-
rectly hence the linkage is in the desired configuration. Such condition is proven in the Section 3. Given that an RCM mechanism
requires a link to rotate around the remote centre, the proof is conducted through two steps:

1. Joint E rotates around O with a constant radius.
2. Point H rotates around O with a constant radius.

where E and H form output link EH.
To simplify the expressions, the following link lengths are assigned.

L1 = LAC = LCE = vLAO

L2 = LAB = LDE =
LAC

r
=

vLAO

r

L3 = LAF = LBG = LDG = LEH =
(

1 − 1
r

)
LAO (8)

Fig. 6. Cables in tension in downward motion.
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Table 1
List of generalised coordinates.

q Definition Reference

h1 Angle of Link AC �AF
h2 Angle of Link BG and P2 �AC
h4 Angle of P4 �CG
h6 Angle of Link DG and P6 �CE
h7 Angle of Link EH and P7 �CE
h8 Angle of Link CG �AC
h9 Angle of Link CE �GC
LCG Distance between CG n/a
xH Horizontal position of H A
yH Vertical position of H A

2.2.1. Generalised coordinates
To conduct the proof, ten generalised coordinates are assigned to fully describe the linkage. The generalised coordinates q

are listed in Table 1.
h1 is the actuator input angle thus it is the independent generalised coordinate. All other generalised coordinates are depen-

dent ones. The angles are measured with respect to the “previous” link, as shown in the “Reference”, and in counter-clockwise
(CCW) direction. There is no h3 and h5 since Pulleys P3 and P5 are rigidly attached to links and do not have their own independent
rotation. The graphical representation of the generalised coordinates is shown in Fig. 7.

2.2.2. Step 1 - position of joint E
The distance between Joint E and O is

LEO =
√

(xE − LAO)
2 + y2

E (9)

where xE and yE are the horizontal and vertical positions of Joint E with respect to Joint A, respectively

xE = L1 cos h1 + L1 cos (h1 + h8 + p + h9)

yE = L1 sin h1 + L1 sin (h1 + h8 + p + h9) (10)

where the p term is added as h9 is measured with respect to �GC instead of �CG. The objective of Step 1 is to prove that LEO is a
constant. h8 and h9 need to be eliminated when Eq. (10)is substituted into Eq. (9).

h8 is calculated by subtracting the angle of Links AC with respect to ground from the angle of Link CG with respect to
ground, i.e.

h8 = ∠ �CG − ∠ �AC (11)

Since Loop PL ensures that triangles BCG and ACO are similar triangles, the angle of Link CG with respect to ground is the same
as the angle of diagonal line CO with respect to ground

∠ �CG = ∠ �CO = − arctan
L1 sin h1

LAO − L1 cos h1
(12)

Fig. 7. Generalised coordinates.
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The angle of Link AC with respect to ground is simply h1, thus

h8 = ∠ �CG − ∠ �AC = − arctan
L1 sin h1

LAO − L1 cos h1
− h1 (13)

Due to the symmetrical structure of four-bar linkage BCDG

h9 = h8 = − arctan
L1 sin h1

LAO − L1 cos h1
− h1 (14)

Substituting Eqs. (10), (13) and (14) into Eq. (9) yields

LEO = LAO (15)

Hence Joint E is proven to rotate around O.

2.2.3. Step 2 - position of point H
The position of Point H is determined through a similar approach as that of Joint E. The distance between Point H and O is

LHO =
√

(xH − LAO)
2 + y2

H (16)

where xH and yH are

xH = L1 cos h1 + L1 cos (h1 + h8 + p + h9) + L3 cos (h1 + h8 + p + h9 + h7)

yH = L1 sin h1 + L1 sin (h1 + h8 + p + h9) + L3 sin (h1 + h8 + p + h9 + h7) (17)

Given cable loop PU, the angles of Links EH and DG with respect to the ground are equal. Therefore, h7 and h6 are equal. From
Eq. (7), the angle of Link DG with respect to ground is given by

∠ �DG = 2∠ �CG = −2 arctan
L1 sin h1

LAO − L1 cos h1
(18)

Hence

h7 = h6 = ∠ �DG − ∠ �CE = −2 arctan
L1 sin h1

LAO − L1 cos h1
− (h1 + h8 + p + h9) = h1 − p (19)

Substituting Eqs. (12), (13), (17) and (19) into Eq. (16) yields

LHO =
LAO

r
(20)

Therefore LHO is a constant. Since both LEO and LHO are constant, Link EH is proven to rotate around the remote centre and the
cable linkage is proven to be an RCM mechanism.

3. Cable tension analysis

The RCM function proven in Section 2 is conducted under the condition that the cable loops are functioning. To achieve such
condition, the following criteria must be achieved:

1. The cable loops (especially Loop FB) must not obstruct the movement of the links.
2. The two sides of a cable loop must be in tension in each direction of motion of the linkage, respectively.

The functioning of cable linkage is proven through constraint approach analysis. Criterion 1 is proven based on the constraint
equations derived from cable loops. Criteria 2 is proven based on the solutions of cable tension. In addition, the cable linkage
is also proven to be fully-constrained (singularity-free) based on the number of constraint equations derived. The full proof is
presented in this section.
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3.1. The constraint approach

Such constraint-based analysis is based on a generalised constraint approach [29], which is briefed below.
The dynamics of a constrained physical system is described as [30]

Qi = Qc + Q e (21)

where Q i, Q c and Q e are the generalised inertia, constraint and external forces applied on the generalised coordinates q,
respectively. The generalised constraint force Q c applied on q is related to the mechanical constraints of the systems through

Qc = −CT
qk (22)

where k is the Lagrange multiplier, which represents the generalised constraint force acting along the mechanical constraints.
Cq is the derivative of the constraint matrix cq with respect to the generalised coordinates q, which is

Cq =
∂cq

∂q
(23)

cq represents the mechanical constraints of the system. Assuming that cq and q have dimensions of m and n respectively, the
dimensions of Q c, Cq and k are n×1, m×n, and m×1, respectively. The cable linkage (one-DOF) is fully constrained when n equals
(m + 1). In the cable linkage, the constraints from cable loops are contained in cq. Hence, cq can be used to prove Criterion 1.

Cq and cq also satisfy

∂c
∂qd

q̇d +
∂c
∂qi

q̇i = Cqdq̇d + Cqiq̇i = 0 (24)

where qi and qd are the independent and dependent generalised coordinates, respectively. Cqi and Cqd are the derivative matrices
determined using qi and qd, respectively.

In static analysis, the generalised inertia force Qi vanishes. Therefore, combining Eqs. (21) and (22) gives

Qe = CT
qk (25)

or equivalently

Qei = CT
qik

Qed = CT
qdk (26)

where Q ei and Q ed are the generalised external forces applied on qi and qd, respectively.
Eq. (25) or (26) is used to determine the generalised constraint force k acting along the mechanical constraints, when external

load Qe is given. Cable tension is contained in k and thus proves Criterion 2. One constraint equation for each pair of pulleys
needs be derived to determine the cable tension, for each direction of motion of the linkage.

The direction of such constraint force is dependent on the way in which the constraint equation cq is written in. An example
is given below. Consider an arbitrary constraint equation that is defined as

cq = pa − pb (27)

where pa and pb are the physical quantities of Bodies A and B, respectively, which are used to construct the constraint equation.
In this case the k determined using such constraint equation is the generalised constraint force acting on Body B by Body A. In
the opposite case, if the positions of pa and pb are swapped in Eq. (27), k will give the generalised constraint force acting on
Body A by Body B.

3.2. Analysis on cable loops

In this analysis, it is assumed that the cable is inextensible and there is no slip between the cable and pulleys. All the bodies
are assumed to be rigid bodies with zero mass.
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Fig. 8. Clockwise cable wrapping.

3.2.1. Constraint equations from cable loops
Given constant length of cable section connecting two pulleys and constant distance between pulleys, the sum of lengths of

cable sections wrapping on two pulleys is also a constant. This is expressed mathematically as

LPA + LPB = Lconst. (28)

where LPA and LPB are the lengths of cable sections wrapping on arbitrary driving pulley PA and driven pulley PB. Lconst. is a
constant that contains the overall length of cable section and the distance between two pulleys. Since the lengths of cable wrap-
ping on pulleys are related to the rotation of pulleys and their adjacent links, generalised coordinates are embedded in Eq. (28).

Rearranging Eq. (28) into the form of Eq. (27) yields

(Lconst. − LPB) − LPA = 0 (29)

thus according to the definition of Eq. (27), Eq. (29) gives the force applied by the cable section attached to Pulley PB on that
attached to PA.

Since the cable can wrap on a pulley in either clockwise or counter-clockwise direction, the expressions for LPA and LPB need
to take into account the direction. The cases corresponding to clockwise and counter-clockwise cable wrapping are illustrated
in Figs. 8 and 9, respectively.

In Figs. 8 and 9, “Ref” represents an arbitrary reference where the angles are measured with respect to. hin, hq and hout are the
angle where the cable starts to wrap on the pulley, generalised coordinate and angle where cable leaves the pulley, respectively.

In the clockwise case, hin is the largest angle, followed by hq and hout. The length of cable from hin to hq is

L′
CW = R (hin − hq) (30)

and the length of cable from hq to hout is

L′′
CW = R (hq − hout) (31)

In the counter-clockwise case, hout is the largest angle, followed by hq and hin. The length of cable from hin to hq is

L′
CCW = R (hq − hin) (32)

Fig. 9. Counter-clockwise cable wrapping.
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Table 2
Cable and pulley angles for upward motion.

Pulley hin (rad) hq (rad) hout (rad) Direction Reference

P1 n/a 0 h1 + p/2 CW �AF
P2 p/2 h2 n/a CW �AC
P3 n/a 0 h8 − p/2 CCW �AC
P4 −p/2 h4 p/2 + 0 CCW �CG
P5 p/2 + 0 h9 n/a CW �GC
P6 n/a h6 p/2 CW �CE
P7 p/2 h7 n/a CW �CE

Table 3
Cable and pulley angles for downward motion.

Pulley hin (rad) hq (rad) hout (rad) Direction Reference

P1 n/a 0 h1 − p/2 CCW �AF
P2 −p/2 h2 n/a CCW �AC
P3 n/a 0 h8 + p/2 CW �AC
P4 p/2 h4 −p/2 − 0 CW �CG
P5 −p/2 − 0 h9 n/a CCW �GC
P6 n/a h6 −p/2 CCW �CE
P7 −p/2 h7 n/a CCW �CE

Table 4
Joints for constraint equations.

Joint Path 1 Path 2

G AB-BG AC-CG
G AB-BG AC-CD-DG
H xH and yH AC-CE-EH

and the length of cable from hq to hout is

L′′
CCW = R (hout − hq) (33)

The hin, hq and hout for all the pulleys are summarised in Tables 2 and 3. Tables 2 and 3 correspond to the cable sections for
upward and downward motions of the cable linkage, respectively, as illustrated in Figs. 5 and 6, respectively. 0 is the additional
constant angle introduced by crossed cable between P4 and P5. CW and CCW indicate clockwise and counter-clockwise direc-
tions, respectively. Substituting the h terms from Tables 2 and 3 into Eq. (28) yields four constraint equations for each of the
upward and downward motions of the cable linkage, respectively, which are between P1 and P2, P3 and P4, P4 and P5, and P6
and P7, respectively.

3.2.2. Constraint equation from joint positions
Apart from the cable loops, there are constraint equations from joint positions. Such constraint equations are derived based

on shared joint position of two links. For example, position of Joint G can be derived from two paths: Links AB-BG and Links
AC-CG, respectively. The position derived from the two paths must be identical

xG|BG − xG|CG = 0

yG|BG − yG|CG = 0 (34)

where xG|BG and yG|BG are the positions derived from Links AB-BG, and xG|CG and yG|CG are the positions derived from Links AC-CG.
Six constraint equations are obtained, the paths are summarised in Table 4. Note that for Point H, the positions derived from

path AC-CE-EH are equated to the generalised coordinates xH and yH.

3.3. Proof of Criterion 1

Criterion 1 states that with given cable length, the rotation of pulleys must be consistent with the rotation of the links they
are attached to, otherwise it will jam the linkage. It can be readily seen that Criterion 1 is met in Loops PL and PU. The proof for
Loop FB based on constraint approach is presented below.

The aim is to prove that the output rotation of the cable loop (h9) is consistent with the h9 derived from the links, as shown
in Eq. (13), when a constant cable length from P3 to P5 is given.
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Substituting the h for P3 to P5 from Table 2 into Eq. (28) yields two constraint equations

R
(
h4 −

(
−p

2

))
+ R

((
h8 − p

2

)
− 0

)
= Lconst.34 (35)

for P3 and P4, and

R
((

p

2
+ 0

)
− h9

)
+ R

((
p

2
+ 0

)
− h4

)
= Lconst.45 (36)

for P4 and P5, where Lconst.34 and Lconst.45 are constant.
Summing Eqs. (35) and (36) gives

R (p + h8 − h9 + 20) = Lconst.34 + Lconst.45 (37)

Eq. (37) indicates that when given the correct cable length between P3 and P5 to start with, h9 equals h8 within full ROM of
the cable linkage. Such outcome is consistent with Eq. (13), which means that the rotation of P5 is consistent with that of Link
CE, thus Loop FB is not obstructing the movement of the linkage.

3.4. Constraint matrix cq and derivative matrix Cq

Assembling the constraint equations derived from cable loops and joint positions yields the constraint matrices cq. Individual
constraint equations within the matrix are arranged in the following order

1. cqP12 for Pulleys P1 and P2 in Loop PL.
2. cqP34 for Pulleys P3 and P4 in Loop FB.
3. cqP45 for Pulleys P4 and P5 in Loop FB.
4. cqP67 for Pulleys P6 and P7 in Loop PU.
5. cqGx|CG for x position of Joint G from paths AB-BG and AC-CG.
6. cqGy|CG for y position of Joint G from paths AB-BG and AC-CG.
7. cqGx|DG for x position of Joint G from paths AB-BG and AC-CD-DG.
8. cqGy|DG for y position of Joint G from paths AB-BG and AC-CD-DG.
9. cqHx|EH for x position of Point H from generalised coordinate xH and path AC-CE-EH.

10. cqHy|EH for y position of Point H from generalised coordinate yH and path AC-CE-EH.

The constraint matrices are

cq1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−R (h1 + h2)
R (h4 + h8)

R (p − h4 − h9 + 20)
R (h6 − h7)

(L1 − L2) cos h1 − L3 cos (h1 + h2) + LCG cos (h1 + h8)
(L1 − L2) sin h1 − L3 sin (h1 + h2) + LCG sin (h1 + h8)

(L1 − L2) (cos h1 − cos (h1 + h8 + h9)) − L3 (cos (h1 + h2) + cos(h1 + h8 + h9 + h6))
(L1 − L2) (sin h1 − sin (h1 + h8 + h9)) − L3 (sin (h1 + h2) + sin (h1 + h8 + h9 + h6))

xH − L1 cos h1 + L1 cos (h1 + h8 + h0) + L3 cos (h1 + h8 + h9 + h7)
yH − L1 sin h1 + L1 sin (h1 + h8 + h0) + L3 sin (h1 + h8 + h9 + h7)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(38)

for the upward motion of cable linkage. Note that for the constraint equations derived from cable loops, the constants associated
with cable lengths are not included, as they do not appear in the derivative matrix Cq. For downward motion of the cable linkage,
the joint constraint equations (last six) are the same. The cable constraint equations (first four) have negative signs to those in
Eq. (38).

The derivative matrix Cq is given by

Cq =
[

∂cq
∂h1

∂cq
∂h2

· · · ∂cq
∂h6

∂cq
∂h7

∂cq
∂LCG

∂cq
∂xH

∂cq
∂yH

]
(39)

where each column in the matrix contains the derivative of constraint matrix cq with respect to one of the generalised
coordinates. The derivative matrices Cqi and Cqd for independent and dependent generalised coordinates, respectively, are

Cqi =
[
∂cq

∂h1

]
(40)
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and

Cqd =
[

∂cq
∂h2

· · · ∂cq
∂h6

∂cq
∂h7

∂cq
∂LCG

∂cq
∂xH

∂cq
∂yH

]
(41)

which the two matrices are used for Eq. (26).

3.5. Constraint status of cable linkage

With ten generalised coordinates and ten constraint equations, the cable linkage seems to be over-constrained. However,
certain retain constraint equations are redundant or vanish, resulting in fully-constrained one-DOF RCM mechanism. The cases
where the links in non-overlapped and overlapped configurations are analysed separately.

In non-overlapped configurations, Loop FB is redundant. Loop FB introduces one generalised coordinate h4 and two constraint
equations cqP34 and cqP45. By excluding the generalised coordinate and constraint equations, the cable system is described by
nine generalised coordinates with eight constraint equations. The cable linkage is fully constrained and has one DOF.

The overlapped configuration is the singular configuration of a four-bar linkage, thus cqGx|DG from four-bar linkage BCDG
vanishes, resulting in fully-constrained cable linkage. According to the constraint approach, the elimination of cqGx|DG can be
proven mathematically by observing zeros for its corresponding terms in Cq.

Writing h6 to h9, and LCG in terms of h1, and substitute into Cq yields

∂

∂q
cqGx|DG =

[
0 0 0 0 0 0 0 0 0

]
(42)

where h6 to h9 are given by Eqs. (13), (14)and (19), respectively, and

LCG =
(

1 − 1
r

)√
(LAO − L1 cos h1)

2 + (L1 sin h1)
2 (43)

Thus the cable linkage is described by ten generalised coordinates with night constraint equations. The cable linkage is fully
constrained and has one DOF.

3.6. Calculation of cable tension

In the analysis, no external load is applied on Pulleys P2 to P6 and the passive prismatic joint I. Further, the upward and
downward are simulated by applying vertical force FHy at point H. The torque on Joint E (t7) and horizontal force on Point H
(FHx) are zero. The generalised external force Qe applied on the generalised coordinates is given by

Qe =
[
t1 t2 · · · t6 t7 FCG FHx FHy

]

=
[
t1 0 · · · 0 0 0 0 FHy

]
(44)

where t1 is the actuator input torque.
Since the actuator input torque t1 is unknown, Eq. (26) is used instead of Eq. (25), such that the constraint force can be

calculated based on given t7, FHx and FHy, and then determine t1 using the constraint force k. The corresponding Q ei and Q ed are

Q ei = t1 (45)

and

Q ed =
[

0 · · · 0 0 0 0 ∓FHy
]

(46)

According to Eq. (26), the constraint force under given generalised external force is

k = C−T
qd Qed (47)

Following Section 3.5, Eq. (47) at the overlapped and non-overlapped configurations is solved separately, which yields
analytical and numerical solutions, respectively.
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3.6.1. Analytical solution of k at overlapped configuration
At the overlapped configuration, Eq. (47) which is solved with cqGx|DG is excluded from Cqd. The dimension of Cqd is 9 × 9

hence can be inversed directly. The analytical solution of cable tension, which are the first four elements in the constraint force
k, is given by

k1 =

⎡
⎢⎢⎢⎢⎣

− FHyLAO(−1+r+v+rv)
rR(1+v)

− FHyvLAO
rR

− FHyvLAO
rR

− FHyLAO(−1+r)
rR

⎤
⎥⎥⎥⎥⎦

(48)

for the upward direction of motion, and

k2 = −k1 (49)

for the downward direction of motion. In both k, the first to fourth rows correspond to cable tension between P1 and P2, P3 and
P4, P4 and P5, and P6 and P7, respectively.

In Eq. (48), since FHy is negative, r is greater than 1, and R and v are positive, all the elements are positive. As such, the cable
forces within Loops PL, FB and PU are all tension. Similarly, in Eq. (49), since FHy is positive, the cable forces are all positive.
Hence, the cable loops are in tension at the overlapped configuration in both directions of motion of the cable linkage.

3.6.2. Numerical solution of k at non-overlapped configuration
At the non-overlapped configurations, the redundant constraints cannot be removed, as cable tension needs to be solved.

The dimension of Cqd is 10 × 9 and cannot be inversed directly. QR decomposition is applied to obtain the numerical solution

Cqd =
[

Q1 Q2
] [

R1

0

]
(50)

where h6 to h9, and LCG in Cqd are represented in terms of h1 before QR decomposition is applied. Eq. (47) is written with Q1 and
R1 as

k = Q1R−T
1 Qed (51)

The numerical solution of constraint force is plotted in Fig. 10, for full ROM of a sample cable linkage whose dimensions are
listed in Table 5. The numerical solutions are identical for the upward and downward motions of the cable linkage.

In Fig. 10, P12, P34, P45 and P67 represent the cable tension in between Pulleys P1 and P2, P3 and P4, P4 and P5, and P6 and
P7, respectively. The maximum cable tension is observed at the overlapped configuration. The magnitudes in Loops PL (P12), FB
(P34 and P45) and PU (P67) are 119.1 N, 52.48 N, and 38.4 N, respectively, which agree with the analytical solutions. The cable
tension P34 and P45 are identical, which also agrees with the analytical solution. The minimum tension are observed at both
ends of ROM. The numerical solution indicates that the cable tension in all loops is positive within the full ROM.

3.6.3. Verification of cable tension and proof of Criterion 2
The numerical solution obtained from the constraint approach is verified with static rigid body simulation conducted using

ANSYS Rigid Dynamics package, with a 2D model of the same sample cable linkage. The model used is shown in Fig. 11.
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Fig. 10. Numerical solution of k for sample cable linkage.
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Table 5
Dimensions of sample cable linkage.

Parameters Magnitude

LAO (mm) 400
v 0.3
r 1.220
L1 (mm) 120
L2 (mm) 98.4
L3 (mm) 72
R (mm) 15
FHy (N) ∓8

In the 2D model, links are used to mimic cable sections. The links are connected to pulleys with revolute joints, such that
only tension and compression are allowed.

The cable tension in one side of the cable loop is obtained by summing the magnitudes of tensile and compressive of the two
links which are connected to the same pulley. To justify the direction of cable force, the joint force at the link corresponding to
the cable that is expected to be in tension must be tension as well. The external force FHy is simulated by a remote force applied
at the tip of Link EH.

The cable tension obtained through simulation is compared with the calculated results in Figs. 12 and 13. The legends with
“S” correspond to the simulation results.

The comparison indicates that the cable tension in Loops PL and PU, as well as the actuator input torque t1 obtained through
the constraint approach is accurate. In Loop FB, exact solution is obtained at the overlapped configuration. The errors are rel-
atively large towards two ends of the ROM, but the trend in the change in cable tension with respect to input angle is well
captured. Therefore, the cable tension calculated from the constraint approach is verified, and it can be concluded that Criterion
2 for functioning of cable loops is proven.

Fig. 11. 2D model in ANSYS.
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Fig. 12. Comparison of cable tension in Loops PL and PU.

4. Calculation on cable stiffness

The stiffness of the cable linkage is defined as the deformation of Point H under external load

k =
FHy

dyH
=

8N
5mm

= 1.6N/mm (52)

The stiffness of the cable must be sufficient to achieve the overall stiffness. Since cable tension and elongation change with
respect to the movement of the linkage, the maximum value is determined as the minimum required cable stiffness

k = max
(

ki

dLi

)
(53)

where k is the minimum required cable stiffness in the cable loop. ki and dLi are the cable tension at different actuator input
angle and its corresponding elongation, respectively.

Due to the assumption of inextensible cable, conventional definition of elongation, which is defined as deformation of cable,
cannot be applied in the analysis. Here, the elongation is defined as the infinitesimal travel distance of cable with respect to
infinitesimal displacement at Point H dyH. The derivation of cable elongation is presented as follows.

The travel distance of cable is related length of cable wrapping on pulley and hence can be written in terms of generalised
coordinates

dL = function (R, hin, hq, hout) (54)
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Fig. 13. Comparison of cable tension in Loop FB.
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where the function is the suitable equation among Eqs. (30) to (33). h angles are listed in Table 2 or 3. The mathematical
expressions are (use P1, P3 and P6 for upward motion as examples)

dLPL = Rdh1

dLFB = Rdh8

dLPU = Rdh6 (55)

where dLPL, dLFB and dLPU are the infinitesimal cable travel in Loops PL, FB and PU, respectively. dh1, dh8 and dh6 are the
infinitesimal change in generalised coordinates.

Eq. (55) needs to be further related to dyH using Eq. (24). Rearranging yields

dqd = −C−1
qd Cqidqi (56)

where dqd and dqi are the infinitesimal change in dependent and independent generalised coordinates, respectively. dyH, dh8,
and h6 are contained in dqd, while dh1 is dqi. Eq. (56) writes dh1 in terms of dyH. All other dependent generalised coordinates are
written in terms of dh1 and hence related to dyH.

Eq. (56) is solved numerically using QR decomposition as

dqd = −R−1
1 QT

1 Cqidqi (57)

where Q1 and R1 are obtained from Eq. (50). Substituting Eq. (57) into Eq. (55) yields the infinitesimal travel distance of cable in
the cable loops. Further substituting such infinitesimal travel distance of cable into Eq. (53) gives the minimum required cable
stiffness corresponding to the overall system stiffness. The results are illustrated in Fig. 14.

The minimum required cable stiffness are 240.5 N/mm, 137.7 N/mm and 77.51 N/mm for Loops PL, FB and PU, respectively.
In all three cable loops, the largest k are observed at the overlapped configuration. The pattern of change in k with respect to
input angle in Fig. 14 is very similar to the pattern of change in tension with respect to input angle in Fig. 10, which means the
cable tension is the dominating factor in stiffness.

5. Comparison on device footprint

For a 2-DOF RCM mechanism based on the cable linkage, the footprint is described through three approaches

1. The sweeping volume of linkage.
2. The space behind the input joint to permit the rotation of input link.
3. The volume of links.

In this section, the footprint of cable-linkage is compared to that of a PB-linkage through the above-mentioned approaches.
The comparison of footprint is conducted mathematically under a simplified surgical scenario, as shown in Figs. 15 and 16,

for the cable linkage and PB-linkage, respectively. Five configurations of both RCM mechanisms are shown, which are the two
extremes in ROM, centre and two mid-point configurations as presented in Figs. 3 and 4.

In the simplified surgical scenario, the incision port is Point O. The ROM to be achieved is symmetric around the ground axis.
RC is a coefficient less than one. It gives the radius of the circular region in terms of distance LAO, where the links (except for the
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Fig. 14. Cable stiffness.
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Fig. 15. Cable linkage in surgical scenario.

output link) of the RCM mechanisms are not allowed to enter such region. The region with RC is set, such that more clearance
near the incision port is left for the output links of multiple surgical arms and human surgeons to occupy.

LAO is the same for both RCM mechanism. The ROM is changed from 30 to 120◦. RC is changed from 0.5 to 0.825. The
dimensions and hence the footprints of the RCM mechanisms are calculated based on the given set of ROM and RC.

For the cable linkage, the lengths of input and connector links (AC and CE) are determined from the ROM using Eq. (3). The
lengths of BG and DG are calculated from Eq. (4), where r is assumed to be 1.22 and not changed in the simulation. For the PB-
linkage, the length of input link AC is the same as the radius defined by RC and LAO, such that the output joint C is just on the
edge of the circle. The length of connector link BC equals LAO.

The results of the comparison are presented as the percentage difference of the footprint of cable linkage, over that of the
PB-linkage, expressed as

d =
fCL − fPB

fPB
× 100% (58)

where fCL and fPB are the footprints of the cable linkage and PB-linkage, respectively.

5.1. Approach 1

In MIS applications, a planar RCM mechanism with smaller enclosed area is desired, such that the sweeping volume and the
chance of collision between surgical arms are reduced.

In Approach 1, the footprint is described as the characteristic enclosed area. Such characteristic enclosed area is calculated by
summing the four out of five configurations in Figs. 15 and 16, such that the change in enclosed area with respect to movement
of linkage is taken into account. The overlapped configuration is not considered, as the enclosed area is zero. The mathematical
expression is

f1 = ftop + fmid−top + fmid−bottom + fbottom (59)

where f1 is the characteristic enclosed area and the four remaining f terms are the enclosed area at four configurations, respec-
tively. The enclosed area of the cable linkage and PB-linkage is defined by four-bar linkage ACEO and parallelogram ABCO in
Figs. 15 and 16, respectively. The results are illustrated as a contour plot in Fig. 17.

Fig. 16. PB-linkage in surgical scenario.
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Fig. 17. Percentage difference in footprint - Approach 1.

The blank region at the top right corner of Fig. 17 is where the cable link fails to stay outside the radius with given RC. The
edge of such region corresponds to the configuration of the cable linkage, where Joint G is on the edge of the circle, as illustrated
in Fig. 15.

The result reveals that the enclosed area of the cable linkage is smaller than that of the PB-linkage in about half of the
design points (sets of ROM and RC). The cable linkage has smaller enclosed area at large RC (>0.5). The smallest enclosed area
is achieved at the maximum RC of 0.81, and the corresponding percentage difference is −35 %. Cable linkage has a relatively
smaller enclosed area because its geometry is fully defined by the ROM (when r is given). In the contrast, the length of Links AB
and CO and hence the footprint of the PB-linkage increase with RC.

5.2. Approach 2

Both RCM linkage require additional clearance behind input joint A to allow the movement of linkage. As such, the region
needs to be kept clear during the operation. A large region will increase the space needed to maneuver the linkage. In addition, a
large region requires a larger base to hold the RCM mechanism, thus increases the overall dimension of the robotic manipulator.

The footprint in terms of the aforementioned region is represented by the sweeping L4 in Figs. 18 and 19 around Joint A
and behind Joint A. For cable linkage, L4 equals LAC. Link AC is behind Joint A when actuator input angle is within p/2 to 3p/2.
For PB-linkage, L4 equals the length Link AB and thus the radius of circle. Link AB sweeps behind Joint A in the full ROM. The
mathematical expressions are

fCL2 =
1
2
pL2

4 (60)

fPB2 =
ROM

2p
pL2

4

The results are illustrated as a contour plot in Fig. 20.
The result shows that the footprint (Approach 2) of the cable linkage is smaller than that of the PB-linkage in more than half

of the design points. The maximum reduction in footprint is 83% at ROM of 30◦ and RC equals 0.8. The footprint of the cable
linkage is smaller in the cases where ROM is small and/or RC is large. On the other hand, since the dimension of the cable linkage
is defined by the ROM, the footprint is large at large ROM and/or small RC.

Fig. 18. Cable linkage in surgical scenario.
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Fig. 19. PB-linkage in surgical scenario.
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Fig. 20. Percentage difference in footprint - Approach 2.

5.3. Approach 3

There are cases in MIS applications where a surgical manipulator stays stationary while the other robotic arms or human
surgeons are conducting manipulations. Therefore, the footprint in terms of the volume taken by the stationary links themselves
must be taken into account.

Since the volume of the links is proportional to the length of links, the sum of lengths of links is used as the measurement of
footprint in Approach 3. For cable linkage, the links involved are Links AC, CE, BG and DG. Diagonal link CG is not considered as
it is enclosed by BG and DG. For PB-linkage, the links involved are Links AB and BC. The mathematical expressions are

fCL3 = LAC + LBG + LDG + LCE (61)

fPB3 = LAB + LBC

The results are illustrated as a contour plot in Fig. 21.
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Fig. 21. Percentage difference in footprint - Approach 3.
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The figure shows that the footprint (Approach 3) is smaller than that of the PB-linkage in all the achievable design points.
The percentage reduction in footprint varies between −50% and −80 %, which is significant. Again, the cause of the difference is
the fact that the footprints of two RCM mechanisms are dependent on ROM and RC, respectively, while irrelevant to the other.

The comparison in footprint through three approach shows that the cable linkage has a smaller sweeping volume and
requires less space behind the input joint in more than half of the design points. In addition, the overall lengths of the links are
shorter in all design points, resulting in smaller and lighter linkage. Therefore it can be concluded that the cable linkage has
advantages over the PB-linkage in terms of footprint in MIS applications. The scenario that suits the cable link best is where the
required ROM is relatively small while the RCM mechanism has to be kept faraway from the incision port.

6. Prototype of cable linkage

A passive concept-proving prototype of the cable linkage is built. The dimensions of the linkage are given in Table 5. The
ROM is 69◦, which satisfies the requirement of 60◦ ROM in most of the abdominal MIS applications [16]. The additional 9◦ are
added such that v is 0.3 and L1 is an integer. r is selected to be 1.22 to minimise rounding of L2 and L3. The selection of v and r
helps reducing machining error and thus the potential positioning error of the remote centre. Note that due to the limit on the
available cable, the minimum required stiffness presented in Fig. 14 is not applied on the cable in Loop FB.

The mechanical constraint of a cable loop can be achieve identically through end-less tendon drive or open-ended tendon
drive, as classified in [25]. End-less tendon drive is literally closed-loop cable. It is structurally simpler and can theoretically be
fully controlled by less actuators comparing to the open-ended tendon. On the other hand, open-ended tendon drive, which
actively controls a pulley with two antagonistic tendons that are connected to their own actuators, respectively, yields zero or
small backlash in the expanse of complexity. As the prototype is built for proof of concept, closed-loop cable is implemented in
the prototype. To minimise the backlash, timing belt is used and the pre-tension is applied.

The CAD model of the cable linkage, showing two limits and the centre of the ROM, is illustrated in Fig. 22. The centre and
lower limit configurations are combined in the figure by photoshop hence are semi-transparent. The sphere at the bottom right
corner of the figure indicates the RC. The design of output link is arbitrary and yet to be optimised for specific MIS applications.
The output ROM is 105 to 175◦ from the positive x-direction. The belts and cable sections are not shown.

A side view of the prototype is illustrated in Fig. 23. In the prototype, the widths of Links AC and CE are 16 mm. The radius
of pulleys in Loops PL and PU is reduced to 12 mm due to the available pulley size. It can be observed from the figure that the
area enclosed by Loops PL and PU is not significantly larger than the sizes of Links AC and CE, despite the outstanding tensioners
located in the middle of the links. In addition, the pulleys in Loop FB are mostly enclosed by Links BG and DG in the side view,
thus do not cause significant increase in the size of mechanism.

Top views of the prototype are illustrated in Figs. 24 and 25. Fig. 24 annotates the links and Loops PL and PU. In both loops,
timing belts are used to minimise backlash. It also eliminates the chance of slip of cable on pulleys in Loops PL and PU, where
the consequence of such cable slip is the lost of RCM function. To increase the rigidity of the mechanism, a duplicated pair of
Links AC and AF is introduced. Both links are located above Links CE, P6 and P7 in Fig. 24.

Fig. 22. CAD model of cable linkage.
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Fig. 23. Right side view of prototype.

Fig. 24. Top view of prototype 1.

Fig. 25. Top view of prototype 2.

Fig. 25 annotates Loop FB. In this prototype, Loop FB is achieved by using two cable loops, one between P3 and P4 and the
other between P4 and P5. Two pulleys, P4 and P4′ are rigidly connected to each other and mounted at Joint I. P4 is connected to
P3, and P4′ is connected to P5 with crossed cable. Pulleys P3 and P5 are rigidly connected to Links AC and CE, respectively, by
3D-printing the pulley and the link as one part. To enable the crossed configuration of cable between P4′ and P5, a round belt is
used.

The presence of tension in the correct sides of cable loops is vital for verifying the design concept. On the other hand, the
exact magnitude of tension is of less importance, as it is primarily used as a prototyping guideline. The sign of cable tension
can be readily observed through higher transverse cable stiffness on the driving side of a cable loop than that on the driven
side. By manually applying force at the output link and comparing the cable stiffness, it is found that the presence of tension
within the full range of motion is consistent with Figs. 5 and 6, as well as the outcomes in Section 3 . Apart from that, the
prototype is manipulated to the centre configuration, where loads are applied manually in the attempt to force the prototype
into the undesired configuration. Jamming of linkage is observed, thus verifies that the linkage can only turn into the desired
configuration.
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7. Conclusion

This paper introduces a cable linkage with RCM. The design of the cable linkage is presented, and proof on RCM function is
conducted mathematically.

The tension in all cable sections is determined by means of a constraint approach. The analytical solution at the overlapped
configuration is derived. The numerical solution at non-overlapped configurations are obtained through QR decomposition. The
tensions are positive within the full working range, validating the function of the linkage.

The cable tension calculated is verified through finite element simulation. The constraint approach yields exact solution of
cable tension in Loops PL and PU within full ROM, and in Loop FB at overlapped configuration. The error in Loop FB at non-
overlapped configurations is small.

The constraint approach is further used to determine the minimum required cable stiffness, corresponding to a given overall
system stiffness at the output link. Both the tension and infinitesimal displacement of cable are derived from the constraint
approach and solved with QR decomposition.

Quantitative comparison between the footprints of the cable linkage and PB-linkage is conducted in a simplified surgical
scenario. The footprint is described in three approaches. In two of the approaches, the cable linkage yields smaller footprint in
half of the design points. In the last one the cable linkage achieves 50% to 80% reduction in footprint.

A prototype is constructed for proof of concept. Closed-loop cable is used to simplify the architecture. Timing belts are used
in Loops PL and PU to prevent slip of cable on pulley. Loop FB is further divided into two loops, in between P3 and P4, and P4′

and P5, respectively. Round belt is implemented between P4′ and P5 to enable crossed cable configuration. The correct presence
of tension within full range of motion, as calculated in Section 3, is validated. The prototype is also proved to be prevented from
turning into the undesired configuration.

Appendix A. Supplementary data

Supplementary data to this article can be found online at http://dx.doi.org/10.1016/j.mechmachtheory.2016.07.023.
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Chapter 5

Framework of Modelling Concentric

Tube Robot

The RCM mechanisms discussed in the previous chapters offer two out of the four DOFs

required in the MIS applications. To achieve the translation along and rotation around

the incision axis, as well as materialising a robotic wrist to manipulate the surgical end

effectors inside the patient’s body, the concentric tube robots (CTRs) are investigated.

Regardless of whether the CTRs were to be used as standalone surgical robots or to

be combined with the RCM robot, kinetostatic models of the CTRs is essential for the

applications.

The computational efficiencies of the kinetostatic models of the CTRs play vital roles in

the applications of the CTRs, as they affect the performance of the design optimisation

and inverse kinematics algorithms. While achieving sufficient modelling precision, less

attention was paid to the computational efficiencies in the derivation of existing models.

Furthermore, the efficiencies of the modelling approaches could be different under various

external loading conditions, which are corresponding to the cannula and non-cannula

types of robotic instruments. In fact, to the extend of the author’s knowledge, there is

no existing research that quantifies the computational efficiencies of the CTR models.

Given the aforementioned research gaps, the specific objectives of the work presented in
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this chapter were:

1. To derive computationally efficient kinetostatic models of the CTRs.

2. To identify the effects of all assumptions used in the derivations.

3. To evaluate the computational efficiencies of the models under various loading con-

ditions

The work presented is published in [115], and the full manuscripts is attached below. The

major research outcomes are:

1. Four robot dependent mappings were derived, and combined with a robot indepen-

dent mapping to form the complete kinetostatic models.

2. Seven key assumptions were identified, and their detailed effects on the derivation

of models were discussed.

3. The models were tested through mathematical simulations, where three sets of

CTRs were subjected to concentrated and distributed external loads, to simulate

the applications for non-cannula and cannula instruments, respectively.

4. Approach B demonstrated up to 25% higher computational efficiency for use on

non-cannula instruments.

5. Approach A showed relatively high computational efficiency for use on both types

of robotic instruments.

All simulations were conducted in Matlab. A list of abbreviation, along with supplemen-

tary information on the setup and derivation of CTR models are provided in Section 5.1.



Framework of modelling concentric tube robot
and comparison on computational efficiency

Shao T. Liu . Chao Chen

Received: 19 April 2016 / Accepted: 20 October 2016

� Springer Science+Business Media Dordrecht 2016

Abstract The continuum concentric tube robots

(CCTRs) are infinite degree-of-freedom robots with

elastic structure. The CCTRs have no distinct links/

dedicated backbones and joints as the rigid-link robots

and conventional continuum robots do. Their simple

and flexible structure, along with the capability to be

navigated actively, can benefit minimally-invasive

surgical applications. However, modelling of the

CCTRs is challenging due to the compliance of

structure, and a significant number of frames involved.

A framework is developed in this work, linking two

modelling approaches. Furthermore, two variations of

modelling approaches are derived by treating the key

equations in different ways. The computational effi-

ciencies of four modelling approaches are compared,

in terms of the overall iteration time, number of

iterations and the time for single iteration. The effect

of iteration accuracy and step size on computational

efficiency are investigated as well.

Keywords Concentric tube robot � Kinetostatic
modelling � Computational efficiency � Continuum
robot � Minimally invasive surgery

1 Introduction

The continuum concentric tube robots (CCTRs) are

constantly bending, infinite degree-of-freedom (DOF)

robots with elastic structure [26]. They are formed by

inserting super-elastic tubes concentrically into each

other. Each of the super-elastic tubes, having its own

local elasticities and pre-defined curvatures at differ-

ent cross-sections, interacts with each other as well as

the externally applied loads to define the final shape of

the robot. The local elasticities and pre-defined

curvatures of the super-elastic tubes at each cross-

section of a CCTR can be changed by relative rotation

and translation of the super-elastic tubes, hence altered

the final shape of the CCTR.

The CCTRs have advantages that benefit minimally

invasive surgeries (MIS). Firstly, they are capable in

steering around body cavities [24]. When combined

with the follow-the-leader capability [24], the CCTRs

can be used as active cannulae that do not rely on off-

axis forces from the surrounding tissue [24] to

navigate through body channels, hence increasing

the dexterity while reducing potential damages along

the paths. Secondly, comparing to the conventional

rigid and straight MIS tools, the CCTRs provide turn-

corner ability while maintaining the dexterity at the

distal ends [29]. Therefore the CCTRs do not have to

follow the straight line defined by the incision port and

the target, which permits optimum incision path

planning to avoid sensitive anatomy features [24] or

reduce the numbers of incision ports needed [3].
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Thirdly, the mechanical structures of the CCTRs are

simple. In addition, the lumen of the CCTRs can house

tubes and wires for control of tip-mounted tools

[9–11], resulting in compact surgical tools to further

reduce the level of invasion. Lastly, when unintended

contacts with tissues occur, the CCTRs deform rather

than damage the tissues [27], hence are potentially

safer than the rigid MIS tools.

Despite having outstanding advantages, the mod-

elling of CCTRs is different and complex as compared

to the rigid-link manipulators. The CCTRs rely on

equilibrium of force and moment to define their final

shapes, including the structural compliance and the

externally applied loads.

The modelling of CCTRs is divided into two

different mappings [26] since the early works. The

robot-dependent (RD) mapping relates the actuator

inputs, which are the rotation and translation of the

super-elastic tubes, to the shape of the robot. The

robot-independent (RI) mapping then relates the shape

of the robot to the positions and orientations of nodes

on the robot.

The robot-dependent mapping of CCTR is based on

the combination of two key equations: the equilibrium

of force and moment, and the constitutive law. The

equilibrium of force and moment computes the

distribution of loads along the CCTR, which is further

related to the deformation (hence the shape) of the

CCTR through the constitutive law. The ultimate aim

is to compute the shape, i.e. local curvatures at cross-

sections of the CCTR, such that they can be feed to the

robot-independent mapping to determine the nodal

positions and orientations.

The early CCTR robot-dependent models

[24, 27–29] consider the bending of super-elastic

tubes under no external load. The twist of super-elastic

tubes are not included [24] or included only in the

straight section of the CCTR [27–29]. The bending

curvature is determined through the combination of

the equilibrium of moment and minimum strain

energy approach. Then such twist is modelled over

the entire body of the CCTRs [21–23]. The models

based on special Cosserat rod theory [2] with equilib-

rium of force and moment were introduced firstly for

the case without external loads [9, 11], which paves

the way to consider the external loads. Models

considering external loads are finally developed based

on the same approach [3, 11, 15, 18, 19, 30, 31],

enabling the use of CCTRs in MIS applications. The

precision of CCTR models under global frame con-

centrated tip loads [15, 18] and distributed loads along

body [18] is experimentally verified. Usage of CCTRs

in cardiac [4, 8], neurosurgical [1, 6, 25], nasal [5, 7]

and urethral procedures [13] have been explored.

The assumptions play vital roles in the derivation of

the models. Apart from that, various frames are

involved in the modelling while not being explicitly

specified, resulting in difficulties in following the

derivation procedures, as well as inconvenience in

applying CCTRmodels. Most importantly, the models

are based on Cosserat rod theory [17], which yield no

closed-form solutions. The models require numerical

integration to obtain both the local curvatures (with

RD mapping) and positions/orientations (with RI

mapping) of tube cross-sections. Furthermore, the

known boundary conditions, which are the actuator

inputs and the external loads, are separated at two ends

of the tubes. Therefore, numerical iteration utilising

shooting method is required to solve for the shapes of

the CCTRs. As such, final expressions in different

forms have great impact on the computational

efficiency.

The presence of two key equations in the RD

mapping enables two formulation approaches, which

have different computational efficiencies. The first one

is a straightforward approach where the key equations

are used separately. The local forces and moments at

cross-sections of CCTR is firstly computed, followed

by the local curvatures. In this approach, the final

expression is for propagating the concentrated force

and moment at the cross-sections of CCTR. The

second approach manipulates and combines the two

equations, resulting in a united final expression that

propagates directly the local curvature.

Furthermore, as external loads are involved, differ-

ent approaches in modelling the loads also affect the

form of final expressions and impact the computa-

tional efficiency. In various approaches, the external

force applied at the distal end of the CCTR is either

integrated into the model directly or modelled as part

of the distributed load that is applied along the body of

the CCTR. The differences in the usage of key

equations and modelling of external loads in combined

yield four modelling approaches with their own

computational efficiencies, which are discussed and

compared in Sects. 3 and 4.

This paper describes framework on the CCTR

models based on the Cosserat rod theory. The frames
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and hence the evolution of the physical quantities are

explicitly specified. The effects of assumptions in the

derivation are analysed. The final expressions in four

different forms are presented. Two of which are

equivalent to the well-known modelling approaches

[11, 18] while the other two are newly derived.

The computational efficiencies of all modelling

approaches are compared through simulations, in

terms of the overall iteration time and number of

iterations required to reach a solution, as well as the

time taken to complete single iteration cycle. Simu-

lations are conducted to investigate the effects of

accuracy and step size.

Section 2 briefs the two mappings in the modelling.

Section 3 derives the modelling approaches with the

final expressions given in four forms and discuss the

iteration scheme. Section 4 presents a comparison on

the computational efficiencies of the modelling

approaches, as well as the effect of accuracy and step

size.

2 Robot-independent and robot-dependent

mappings

2.1 Robot-independent mapping

It is trivial that continuum robots that have identical

shapes, regardless of their mechanical structures,

should have identical positions and orientations at all

nodes on the robots. Therefore, the mapping from the

shape of a continuum robot to the nodal position and

orientation is robot-independent (i.e. irrelevant to

mechanical structure).

In the RI mapping, a CCTR is described as the

collection of coordinate frames that are attached to the

different tubes and locations on the CCTR. As an

analogy to rigid bodymotion, a CCTR can be regarded

as the trajectories of moving frames, which travel from

the proximal end of the CCTR to the distal end [16].

The frames are described using 4 9 4 transformation

matrices. From the moving frame point of view, the

frames attached to the cross-sections are instantaneous

configurations of the moving frames, and are related to

each other through linear and angular velocities. Such

velocities are time derivatives in rigid body motion,

while being spatial derivatives (with respect to arc

length, i.e. distance to the proximal end of CCTR) in

RI mapping of continuum robots. The linear velocity

represents the elongation and shear strain, while the

angular velocity represents the curvature. The relation

between the frames is represented mathematically as

[16, 18]

sþh
s T

d

ds
ðssþhTÞ ¼

sus� svs

0 0

� �
ð1Þ

where T is the transformation matrix, the superscripts

and subscripts on the left-hand side are the frames

transfer to and from, respectively. s and sþ h are the

current and next tube cross-sections, respectively,

where s is the distance from a cross-section to the

proximal end of the CCTR, measured along the body

of the tubes. h is the distance between the cross-

sections. d/ds represents the spatial derivative. u and

v are the curvature and strain, respectively. The �
represents the cross-product matrix. The subscripts on

the right-hand side indicate the locations of physical

quantities. For example, sus refers to the curvature

of cross-section s, and represented in its attached

frame Fs.

Since the CCTR models are solved through

numerical integration, Eq. (1) is written in the discre-

tised form as [16]

s
sþhT ¼ eun�hn ðI3 � eun�hnÞun � vn þ unu

T
n vnhn

0 1

� �

ð2Þ

where

eun�hn ¼ I3 þ un � sin hn þ un � un � ð1� cos hnÞ
ð3Þ

where un, vn and hn are the normalised curvature,

strain and step size, respectively, given by

un ¼
sus

jjsusjj

vn ¼
svs

jjsusjj
hn ¼ hjjsusjj

ð4Þ

2.2 Frame assignments in robot-dependent

mapping

On a CCTR, all the super-elastic tubes share the same

bending shape, while twisting differently. The frame
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assignment and the curvature reflect such phe-

nomenon. To describe the common bending shape,

dedicated Frame F0s is attached to the cross-section

s. The z-axis of F0s is perpendicular to cross-section s,

i.e. tangent to the local curve. The corresponding

bending curvature is 0su0s. From the moving frame

point of view, F0s can be considered a frame that slides

along the body of the CCTR without rotating around

its z-axis. As a result of zero twist, the z-component of
0su0s is zero. The twist of individual super-elastic tube

is described by frame Fis and curvature
isuis, where i is

the tube index starting from 1 (1 is outermost). Due to

the common bending shape, all the frames at cross-

section s share the same z-axis, while the x- and y-axes

are different. The curvatures follow the relation below

isuis ¼ is
0sR

0su0s þ isuisz ¼ RT
z ðhisÞ0su0s þ isuisz ð5Þ

where R is the 3x3 rotation matrix, RzðhisÞ is the

standard z-axis rotation matrix of twist angle his. All
the curvatures are written as 3x1matrix form, and isuisz
is the torsional curvature whose x- and y-components

are zero. The twist angle his is measured as the

difference between the x-axes of Frames F0s and Fis.

The torsional curvature, written in local frame Fis as
isuisz, is also the spatial rate of change of the twist angle

his

d

ds
his ¼ isuisjz ð6Þ

where isuisjz is the z-component of the vector isuisz.

Referring to Fig. 1, a two-tube CCTR example is

considered. Frames F00, F10 and F20 (shown as x- and

z-axes) are attached to the proximal ends of the CCTR,

super-elastic tubes 1 (grey, outer) and 2 (red, inner),

respectively. The initial twist angles, h10 and h20 are

the actuator input angles of the two super-elastic tubes,

respectively. Similarly, Frames F0L, F1L and F2L are

the frames attached to the distal ends, and h1L and h2L
are the twist angles at the distal ends. Note that the

Frames F1L and F2L attached to the non-combined

super-elastic tubes are for demonstrating the pre-

defined bending shape and the non-twisted conditions

of the super-elastic tubes. The ones attached to the

super-elastic tubes in the combined CCTR are the

interest in the modelling. Note that the actuator input

translation di for the super-elastic tubes is not shown in

Fig. 1 and not considered in the derivation of models,

as it only affects the location of the cross-section of

super-elastic tube that is corresponding to cross-

section s on the CCTR, i.e. it merely changes the

local pre-defined curvature and elasticity of the super-

elastic tube at cross-section s.

2.3 External loads in robot-dependent mapping

To enable easy integration of loads in the MIS

applications, the loads are classified based on the

combination of two approaches. The first one is the

conventional approach of concentrated and distributed

loads. The second one distinguishes the external loads

based on the frames they are described in, i.e. the

global reference frame FG or the local frames F0s and

Fis. The second one is introduced as different loads are

better described in different frames. For example, the

weights of the super-elastic tubes and the surgical end

effector are given in the global frame. On the other

hand, the surgical contact loads at the distal end or

over the body of the CCTR are measured in the local

frames.

Referring to Fig. 1, six types of external loads are

considered in the derivation of models. At the

proximal and distal ends, there are concentrated forces

negative 00n00 and positive 0Ln0L, respectively, and

concentrated moments negative 00m00 and positive
0Lm0L, respectively. The negative sign comes from the

sign convention in the derivation, which states that all

the loads at proximal end of a tube section are

negative. For easy derivation of models, only local

frames concentrated loads are presented. All global

frame concentrated loads are transformed into the

local frame and considered as part of the overall local

frame concentrated load when solving the models.

Along the body of the CCTR, there are distributed

forces 0sf0s and
Gq0s, and distributedmoments 0ss0s and

Gk0s. Note that for distributed loads, two symbols areFig. 1 Concentric tube setup
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used for each of the force and moment for better

distinguish of frames. All external loads on the CCTR

are the sum of loads (of the same type) on the super-

elastic tubes. As assumed in existing modelling

approaches, all the external loads are assumed to be

known. It is also noteworthy that force sensing based

on uncertain measurement of the shape of CCTR [20]

and the fibre Bragg grating (FBG) sensors [32] has

been explored, which provides information on tip

force on the CCTR. As such, it partially avoids using

the assumption and potentially increases the mod-

elling accuracy.

2.4 Assumptions in robot-dependent mapping

All current CCTR models to date assume no shear or

elongation condition. Such assumption simplifies the

strain term v. v under assumption is given by

svs ¼ �xx �yy 1þ �zz½ �T¼ 0 0 1½ �T ð7Þ

where the � terms are the strains in different axes.

Since the strain for all the frames are identical, v is

written instead of svs to simplify the notation. Such

assumption plays a vital role in the simplification of

the expression for propagating the torsional curvature,

which is explained in Sect. 3.6.

Another assumption assumes linear elasticity, i.e.

linear relation between the tube deformation and the

generated moment.

ismis ¼ Kisðisuis � isupisÞ ð8Þ

where m is the 3� 1 concentrated moment, K is the

3� 3 elasticity which is a constant within one step of

numerical integration, u and up are the 3� 1 curva-

tures of tube after and before deformation. up is also

called the pre-defined curvature of super-elastic tube.

Note that the m, u and up must be written in the same

local frame, as indicated by the superscript. The

elasticity K is defined as

Kis ¼
ExIxx 0 0

0 EyIyy 0

0 0 GzIzz

2
64

3
75 ð9Þ

where E and G are the Young’s modulus and shear

modulus of the super-elastic tube, respectively. I is the

second moment of area. This assumption reduces the

amount of calculations hence increases the computa-

tional efficiency.

The last assumption states that there is no gap in

between the super-elastic tubes,while the surfaces of the

super-elastic tubes are frictionless. The no-gap assump-

tion avoid the troublesome of finding the contact points

between the super-elastic tubes as well as the modelling

of the magnitudes and locations of the interaction loads

when deriving the expressions for super-elastic tubes.

The frictionless assumption simplifies the loading

condition of the super-elastic tubes and hence the

expression for propagating the expression for propagat-

ing the torsional curvature, which is explained in

Sect. 3.6. Note that while there exist model in which

friction is taken into account [14], it is not used in the

succeeding prototyping of CCTR, hence the no-friction

assumption is still considered in this paper.

Apart from the aforementioned key assumptions,

there are four more assumptions that come from the

practical applications. Firstly, the elasticities of the

super-elastic tubes are assumed constant, as the entire

tubes are often made from one material and same

cross-sectional shape. The assumption is expressed

mathematically as

Kis ¼ Ki ð10Þ

Secondly, such elasticities are assumed identical in

both x- and y-direction, due to the homogeneous

material property of the super-elastic material. Thus

Ex ¼ Ey ¼ E ð11Þ

Thirdly, the pre-defined curvatures of the super-elastic

tubes are limited to bending, i.e. no pre-defined twist,

i.e.

isupis ¼ isupisjx
isupisjy 0

� �T ð12Þ

where the subscripts |x and |y indicate the x- and

y-components in scalar form, respectively. Lastly,

distributed moments in the global reference frame Gk0s
is not considered in the modelling, as such type of

external load hardly exists in the MIS scenario. As a

result, there is no Gkis on individual super-elastic

tubes, and the distributed moments on individual

super-elastic tubes are in their local frame.

3 Kinetostatic expressions in RD-mapping

In RD-mapping, the combination of equilibrium of

force and moment and the constitutive law yields the
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key equations to solve for both the common bending

curvature 0su0s of the combined CCTR and the

torsional curvature isuis of the super-elastic tubes.

The modelling approaches are distinguished by the

ways in which the key equations for 0su0s are

manipulated. Such differences lead to the variations

in computational efficiencies. In this section, the

derivation of key equations based on the equilibrium

of loads and constitutive law is presented firstly,

followed by the variation of such key equations in

different approaches.

3.1 Equilibrium of force and moment

and constitutive law

Equilibrium of force and moment provides informa-

tion on the concentrated force and moment at each

cross-section of a CCTR. The constitutive law relates

the shape, i.e. the local curvatures, to the concentrated

moment, hence completes the RD-mapping of the

CCTRs.

3.1.1 Equilibrium of force and moment

Consider a finite tube section on a CCTR, from

arbitrary cross-sections s ¼ a to s ¼ b, where the

distance in between the cross-sections is h. The

equilibrium of force and moment of this tube

section is written by summing all the external loads

applied by the environment and its adjacent tube

sections. Given that the interaction loads between

the super-elastic tubes, i.e. the distributed loads,

cancel out with each other in the summation, the

equilibrium of force and moment contains only the

external distributed loads.

Since there is evolution in frames involved, it is

essential to distinguish the objective evolution of a

physical quantity from the change in the representa-

tion of such physical quantity due to the change in

frame. To separate the objective evolution from the

overall change, which the later contains the change of

a physical quantity due to change in frame, the

equilibrium of force and moment is written in the

global frame FG. The reason being that the stationary

FG yields zero change in physical quantity due to

change in frame, thus the objective evolution is

equivalent to the overall change. In the derivation,

the rate of objective evolution and the overall rate of

change are represented by d0=ds and d/ds, respectively
[12].

The equilibrium of force and moment around the

origin of FG and written in FG, is given by

Xi¼imax

i¼1

�
� G

iaR
iania þ G

ibR
ibnib

�

þ
Z b

a

G
0sR

0sf0s þ Gq0sds ¼ 0

ð13Þ

and

Xi¼imax

i¼1

ð�GPGA � G
iaR

iania þ GPGB � G
ibR

ibnibÞ

þ
Z b

a

GPGS � ðGisR0sf0s þ Gq0sÞds

þ
Xi¼imax

i¼1

ð�G
iaR

iamia þ G
ibR

ibmibÞ

þ
Z b

a

G
0sR

0ss0s þ Gk0sds ¼ 0

ð14Þ

where the P terms are the 3x1 position vectors,

representing the positions of the origins of Frames

Fis measured with respect to FG. imax is the number of

super-elastic tube in the CCTR. Note that all current

modelling approaches can suit arbitrary number of

super-elastic tubes. However, due to the limits of the

diameters of tubes which can be used, typically,

only two or three tubes are used in practice.

Experimental verifications of current models sum-

marised in the introduction section are conducted

with CCTRs containing two or three super-elastic

tubes. For clinical applications, three-tube-CCTRs

are used in [4, 5, 7]

As the concentrated loads of super-elastic tubes

sum to those of the combined CCTR, the concentrated

loads in Eqs. (13) and (14) can be written as

0sn0s ¼
Xi¼imax

i¼1

0s
is R

isnis

0sm0s ¼
Xi¼imax

i¼1

0s
is R

ismis

ð15Þ
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Manipulating the 0sn0s and
0sm0s terms rather than the

corresponding terms of individual super-elastic tubes

reduces amount of calculations and increases the

computational efficiency in the iteration. Thus in the

following derivation, 0sn0s and
0sm0s are used instead

of isnis and
ismis wherever possible.

Equations (13) and (14) can be combined into a

neater and coupled form through 6x6 transformation

matrix X [12] as

� G
0aX

0an0a
0am0a

� �
þ G

0bX
0bn0b
0bm0b

� �
þ
Z b

a

G
0sX

0sf0s
0ss0s

� �
ds

þ
Z b

a

Gq0s
GPGS � Gq0s þ Gk0s

� �
ds ¼ 0 ð16Þ

where X is defined as

G
isX ¼

G
isR 0

G
isR

isPGS� G
isR

" #
¼

G
isR 0

GPGS � G
isR

G
isR

" #

is
GX ¼

is
GR 0

is
GR

GPSG� is
GR

" #
¼

is
GR 0

isPSG � is
GR

is
GR

" #

ð17Þ

The first two terms in Eq. (16) can be rearranged into

one integration. Further, the ground frame external

loads in the last integral can be rearranged to have the

same format as X

Z b

a

d

ds
G
0sX

0sn0s
0sm0s

� �� 	
dsþ

Z b

a

G
0sX

0sf0s
0ss0s

� �
ds

þ
Z b

a

1 0
GPGS� 1

� �
Gq0s
Gk0s

� �
ds ¼ 0 ð18Þ

The rates of objective evolution of the concentrated

force and moment are obtained by taking the deriva-

tive of Eq. (18), i.e.

d

ds
G
0aX

0an0a

0am0a

" # !
þ G

0aX

0af0a

0as0a

" #

þ
1 0

GPGA� 1

" #
Gq0a

Gk0a

" #
¼ 0

ð19Þ

Since the derivative is taken in the stationary FG,

where the d0=ds terms are equivalent to d/ds, all the d/

ds terms in Eq. (19) can be replaced by d0=ds. Pre-
multiplying Eq. (19) with the inverse transformation

matrix 0a
G X yields

d0

ds

0an0a

0am0a

" #
¼ �

0au0a� 0

v� 0au0a�

" #
0an0a

0am0a

" #

�
0af0a

0as0a

" #
�

0a
G R 0

0 0a
G R

" #
Gq0a

Gk0a

" #

ð20Þ

Equation (20) is used to propagate for the local frame

concentrated force andmoment on the cross-sections of

CCTR, which are later related to the common bending

curvature. Note that it does not provide information on

the z-direction loads on the individual super-elastic

tube, thus additional equations are required.

3.1.2 The constitutive law

The constitutive law relates the concentrated moment

at a cross-section of a CCTR to the deformation, which

is represented as the change in curvature. The

constitutive law of a single super-elastic tube is

written by substituting Eq.(5) into (8)

ismis ¼ Kisðis0sR0su0s � isupis þ isuiszÞ ð21Þ

The constitutive law of the CCTR is obtained by

substituting Eq. (21) into (15), which yields

0sm0s ¼
Ximax
i¼1

0s
is RKisðis0sR0su0s � isupis þ isuiszÞ ð22Þ

Equations (20) and (22) are the key expressions for the

common bending curvature 0su0s. Different

approaches in treating these equations are presented

in Sects. 3.2 to 3.5. Furthermore, the expressions for

propagating torsional curvature isuisz is derived by

applying the single-tube version of Eqs. (20) and (22),

which is described in Sect. 3.6.

3.2 Approach in Dupont’s model [11]

(Approach A)

In order to obtain an expression of 0su0s in terms of the

concentrated moment 0sm0s, Dupont [11] rearranged

Eq. (22) into the form below:

0su0s ¼
Ximax
i¼1

0s
is RKis

is
0sR

 !�1

0sm0s �
Ximax
i¼1

0s
is RKisð�isupis þ isuiszÞ

 !



xy

ð23Þ
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where the subscripts |xy refer to the x and y compo-

nents. The z-component of 0su0s is by definition zero.

By assuming identical Young’s modulus in x- and

y-directions, the product of 0sis RKis
is
0sR is identical toKis

(further reduced to Ki based on the assumption of

constant elasticity), which reduces the amount of

calculations. Note that isuisz is identical to
0suisz, as F0s

and Fis share the same z-axis.

In summary, Approach A utilises Eq. (23) and both

components of Eq. (20) to obtain the 0su0s in each step

in iterations. Equation (20) explicitly provides the

information on both the concentrated force and

moment at each cross-section of the CCTR.

3.3 Approach B

To reduce the number of equations for iterations, we

can modify Eq. (20) in the following way that the

propagation of its concentrated force component is

eliminated.

Consider the CCTR described in Fig. 1. Summing

the forces on the CCTR from cross-section s ¼ a to the

distal end then transform into F0a yields

0an0a ¼ 0a
0LR

0Ln0Lþ 0a
G R

Z L

a

ðG0sR0sf0sþ Gq0sÞds ð24Þ

where the distributed forces 0sf0s,
Gq0s and the distal

end concentrated force 0Ln0L are assumed known

according to Sect. 2.3. Substituting Eq. (24) into the

moment component of Eq. (20) gives

d0

ds
0am0a ¼ �0au0a � 0am0a � 0as0a � 0a

G RGk0a

� v� 0a
0LR

0Ln0L þ 0a
G R

Z L

a

G
0sR

0sf0s þ Gq0s
� �

ds

� 	

ð25Þ

Equation (25) is equivalent to Eq. (20) with reduced

number of expressions. However, since the rotation

matrices 0a
0LR and 0a

0sR are unknown at current step of

iteration, further manipulation must be taken or the
0Ln0L and

0sf0s terms must be excluded from the model.

The global frame component of 0Ln0L (see Sect. 2.3,

concentrated tip loads are modelled as overall 0Ln0L
regardless of the frame they are originally described

in) can be written as part of the global frame

distributed loads through Dirac Delta function [18] as

Gq0s ¼
Gq0s þ Gn0L L� h� s\L
Gq0s 0� s\L� h

�
ð26Þ

Note that as 0sf0s cannot be included in Eq. (25) due to

the unknown G
0sR, the local frame component of the

overall 0Ln0L cannot be included through the same

method as demonstrated in Eq. (26). Therefore, the

reduction in the number of expressions is achieved at

the cost, that the local frame component of the

concentrated tip load 0Ln0L and local frame distributed

load 0sf0s cannot be included in the model. The

simplified version of Eq. (25) is

d0

ds
0am0a ¼ �0au0a � 0am0a � 0as0a � 0a

G RGk0a

� v� 0a
G R

Z L

a

Gq0sds ð27Þ

In summary, Approach B utilises Eq. (23) and

Eq. (27) to obtain the 0su0s in each step in iterations.

As such, the number of equations in each step in

iterations is reduced to two.

3.4 Approach C

An alternative approach to reduce the number of

expressions is to retain the force component of

Eq. (20) but manipulate its moment component. Such

approach achieves the reduction in the number of

expressions while providing the concentrated force at

each cross-section of CCTR. In addition, it does not

have the limitation on including local frame forces, as

described previously in Sect. 3.3.

Substituting Eq. (22) into the moment component

of Eq. (20) and simplifying (utilising the assumptions,

as described in Sect. 3.2) yields

d0

ds
0au0a ¼ �

�Ximax
i¼1

KiÞ�1

�
�Ximax

i¼1

0a
ia Rðiauia � KiÞðia0aR0au0a � iaupia þ iauiazÞ

þ
Ximax
i¼1

ð�Ki
0auiaz � 0au0a � 0a

ia RKi

d0

ds
iaupia

þ 0a
ia RKi

d0

ds
iauiazÞ þ v� 0an0a

þ 0as0a þ 0a
G RGk0a






xy

ð28Þ
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Note that Eq. (28) contains the derivative of isupia.

Therefore the equation requires the pre-defined cur-

vature to be continuous. The consequence being that

the combined CCTR needs to be divided into sections

in which the pre-defined curvatures of all super-elastic

tubes are continuous, and Eq. (28) can only be

applied within those sections. Additional measures,

explained in Sect. 3.7, must be taken to recover and

match the boundary conditions at the boundaries of

each section.

In summary, Approach C utilises Eq. (28) and the

force component of Eq. (20) to obtain the 0su0s in each

step in iterations. The advantages of Approach C are 1)

the number of expressions in each step in iteration is

reduced to two; and 2) it explicitly provides the

information on concentrated force at each cross-

section of CCTR.

3.5 Approach in Rucker’s Model [18]

(Approach D)

The number of expressions for 0su0s can be further

reduced to one, by simultaneously eliminating the

force component of Eq. (20) and manipulating its

moment component. Substituting Eq. (22) into

Eq. (27) and simplifying (utilising the assumptions,

as described in Sect. 3.2) gives

d0

ds
0au0a ¼ �

�Ximax
i¼1

KiÞ�1

�
�Ximax

i¼1

0a
ia Rðiauia � KiÞðia0aR0au0a � iaupia þ iauiazÞ

þ
Ximax
i¼1

ð�Ki
0auiaz � 0au0a � 0a

ia RKi

d0

ds
iaupia

þ 0a
ia RKi

d0

ds
iauiazÞ þ v� ð0a0LR0Ln0L

þ
Z L

a

0a
0sR

0sf0s þ 0a
G RGq0sÞ þ 0as0a þ 0a

G RGk0a






xy

ð29Þ

Equation (29) is the only equation used to obtain the
0su0s in each step in iteration. Since it is based on

Eq. (27), it also has limitation on applying local frame

forces.

3.6 Torsional curvature

The torsional curvature isuisz is derived though a

similar approach to that of the common bending

curvature 0su0s. The difference being that the Eqs. (13)

and (14) are written for single super-elastic tube, and

that the loads on individual super-elastic tube are

unknown while cannot be cancelled out in the

expressions. Following the process from Eqs. (13)

and (14) to (20), the rate of objective evolution of

concentrated moment ismis is derived as

d0

ds
ismis ¼ �v� isnis � isuis � ismis � issis � is

GR
Gkis

ð30Þ

While the ismis term in Eq. (30) can be eliminated by

applying Eq. (21), the isnis,
issis and Gkis are unknown.

However, since only the z-component of Eq. (30) is

the focus, the presence of in z-component isnis,
issis and

Gkis can be eliminated, such that a solvable expression

for z-component can be obtained without considering

the x- and y-components. Such elimination is the

results of assumptions, which is explained below.

The z-component of Eq. (30) is given by

d0

ds
ismisjz ¼ �EixyIixyð�isuisjx

isupisjy þ isuisjy
isupisjxÞ

� issisjz � ðisGRGkisÞjz ð31Þ

where Eixy and Iixy are the elasticity and second

moment of area in x and y directions, which are

assumed equal.

In Eq. (31), the isnis term vanishes, as the x- and

y-components of v are both assumed zero. In addition,
Gkis is zero by assumption. Furthermore, the issisjz is
zero, since the only source of z-axis local frame

distributed moment is the friction corresponding to

the rotation of super-elastic tubes, which again is

zero by assumption. Thus, Eq. (31) contains merely

the elasticity, the bending curvature and the pre-

defined curvature, which are all known. Without

such assumptions, additional expressions need to be

introduced to fully describe the concentrated and

distributed loads over each of the super-elastic

tubes, which greatly increases the consumption of

computational power.

Although Eq.(31) can be used to propagate for the

torsional moment at each cross-section of the
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combined CCTR and in turn solve for the torsional

curvature, which is similar to the combining Eq. (23)

with Eq. (20) or (27) for 0su0s, such approach is not

used as it require more computational power than

propagating the torsional curvature itself. Instead, the

approach used by Eq. (28) or (29) is applied. The

expression for propagating the torsional curvature is

derived simply by substituting the z-component of

Eq. (21) into (31), which gives

d0

ds
isuisjz ¼ �EixyIixy

GizIizz
ð�isuisjx

isupisjy þ isuisjy
isupisjxÞ

� 1

GizIizz

d0

ds
ðGizIizzÞisuisjz ð32Þ

where the derivative of GizIizz is zero due to the

constant elasticity assumption.

3.7 Iteration scheme

The known boundary conditions on a combined

CCTR include actuator input rotation hi0 and

translation di for each of the super-elastic tubes at

the proximal end, and the concentrated loads (both in

global and local frames) at the distal end. The input

loads at the proximal end and the twist angles at distal

end are unknown. Thus it is a boundary value problem

(BVP) with split boundary conditions. One approach

to solve for such BVP is the shooting method, which is

used in [15, 18]. Following shooting method, initial

guesses are made to fix up all the boundary condi-

tions at one end to initialised the iteration, such that the

BVP is converted to an initial value problem

(IVP). The presence of 0a
G R in Eqs. (20) and (27)

requires the iteration to start from the proximal end of

the CCTR.

The common initial guesses for all the approaches

include the concentrated bending moment of the

combined CCTR 00m00jxy, the torsional moment of

individual super-elastic tube i0mi0jz. In the cases where

Eq. (20) or (29) is involved, the concentrated force
00n00 must be guessed as well. Unlike the moment, the

z-component of concentrated force is the one on the

combined CCTR, instead of the one on each super-

elastic tube.

The boundary conditions at the distal end of the

CCTR are used to verify and make correction on the

initial guesses, which is expressed as

0Ln0L ¼ 0Ln0Litr

0Lm0Ljxy ¼ 0Lm0Litrjxy

0Lm0Ljz ¼ ðKimax
imaxLuimaxLzÞjz

0 ¼ ðKi
iLuiLzÞjz ði\imaxÞ

ð33Þ

where L represents the distal end and itr indicates the

results obtained from the iteration. The concentrated

loads at the distal end, regardless of the frames they are

originally described in, are converted into the local

frame F0L to form the overall 0Ln0L and
0Lm0L terms in

Eqs. (33), such that they can be compared to the

iterated results. The transformation matrix 0L
G T used in

the conversion is the one obtained iteratively using

current initial guesses. The last two equations in

Eqs. (33) state that the external torsional moment is

applied only at the distal end of the innermost super-

elastic tube. While this is true in most of the

applications of the CCTR, where the innermost tube

extrudes further than the rest of the super-elastic tubes,

such condition is used as an assumption in the cases

where the distal ends of multiple super-elastic tubes

are flush. Such assumption is the result of having

insufficient information to determine the torsional

moment applied on each super-elastic tube.

The use of Eq. (28) and (29) (Approaches C and D)

requires the combined CCTR to be divided into

sections within which the pre-defined curvatures of all

super-elastic tubes are continuous. These two equa-

tions require an initial 0su0s to start with, at the

beginning cross-sections of each of the sections with

continuous pre-defined curvatures. The initial bending

curvature is obtained by applying Eq. (23). Such

approach in turn requires Eq. (22) to be used at the

distal end of each section with continuous pre-defined

curvature, in order to recover 0sm0s at the boundary.

Although the derivative of K, which comes from

taking the derivative of Eq. (22) or (21), is eliminated

from Eqs. (28), (29) and (32) (after simplification) by

the assumption of constant elasticity, an implicit

condition it applies is that the elasticities of all super-

elastic tubes must be continuous. Such condition

cannot be satisfied at the distal end of a super-elastic

tube, where the elasticity becomes zero. Therefore, in

Approaches C and D, the combined CCTR needs to be

divided at the cross-sections where one of the super-

elastic tubes ends. The method used is similar to that

used to treat non-continuous pre-defined curvature.
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4 Comparison of computational efficiency

Simulations are conducted in Matlab to compare the

computational efficiencies of the four modelling

approa-ches. Three sets of CCTRs are tested. All the

CCTRs contain two super-elastic tubes, whose dimen-

sions are similar to those reported in [15, 18] and [3],

respectively. Each super-elastic tube has one straight

section at the proximal end, followed by a pre-curved

section. The dimensions of the super-elastic tubes are

summarised in Tables 1, 2 and 3, respectively. The

pre-defined curvatures are assumed constant within

the pre-curved sections of the super-elastic tubes. The

Young’s modulus and shear modulus are 65 GPa and

23 GPa, respectively. The weight of the super-elastic

tubes are neglected due to the small tube dimensions.

All the pre-defined curvatures are in the x-direction in

the local frames of the super-elastic tubes, i.e. the y-

and z-components of isupis are zero. The ‘‘direction of

curvature’’ in the tables indicate the initial directions

(zero actuator input rotation) of the pre-defined

curvature in the global frame.

Six sets of simulations are conducted, where the

actuator input rotation and translation, as well as the

loading conditions of the combined CCTRs are

changed, to obtain a comprehensive measurement of

the computational efficiencies of the modelling

approaches. The simulations can be divided into two

categories, where the CCTRs are subjected different

external loads. Simulations 1 to 3, and Simulations 4 to

6, apply concentrated and distributed forces on the

CCTRs, respectively. Each CCTR is used in one

simulation from each of the categories, respectively.

The two simulations conducted with the same CCTR

share the same actuator inputs, while having their own

loading categories. The exception is CCTR B, where

its actuator input translation is removed in the

simulation with distributed force. The actuator input

rotation in this simulation is retained and the same as

that in the simulation with concentrated force.

In all the simulations, the tubes are positioned in

such a way that their local z-axes at the proximal ends

are coincident with the z-axis of FG. The outer super-

elastic tubes (Tube 1) on all CCTRs are assumed to be

fixed, i.e. no actuator input rotation and translation.

Due to the limit associated with Eq. (27), local frame

concentrated and distributed forces are not considered.

The step size h is 1 mm. The iteration accuracy is±1e-

5 (N or Nm) in the magnitudes of all x, y and z

components of concentrated tip force and moment.

The integration scheme is Runge-Kutta 4.

Since the iterative results at the distal end has the

same trend as the initial guesses at the proximal end,

i.e. excess / insufficient actuator inputs (comparing to

the true solution) yield excess / insufficient outputs

(comparing to boundary conditions), the correction on

the initial guesses is defined as follows:

IGjþ1 ¼ IGj � 0:5ðPitr � PÞ ð34Þ

where IG are the initial guesses, j and jþ 1 are the

current and next iteration cycles, respectively. Pitr and

P are the iterative results and known boundary

conditions at the distal end, respectively. The correc-

tion approach is anticipated to yield slower correction

and more iteration cycles than the systematic

Table 1 Super-elastic tube dimensions of CCTR A [15]

Tube 1 Tube 2

Outer diameter (mm) 2.77 2.41

Inner diameter (mm) 2.55 1.97

Length straight section (mm) 0 18

Length curved section (mm) 150 150

Radius of pre-curvature (mm) 233 248

Direction of curvature ?x ?x

Table 2 Super-elastic tube dimensions of CCTR B [18]

Tube 1 Tube 2

Outer diameter (mm) 2.37 1.75

Inner diameter (mm) 2.00 1.25

Length straight section (mm) 30.7 122.7

Length curved section (mm) 102.5 206.9

Radius of pre-curvature (mm) 125 200

Direction of curvature -x -x

Table 3 Super-elastic tube dimensions of CCTR C [3]

Tube 1 Tube 2

Outer diameter (mm) 2.29 1.60

Inner diameter (mm) 2.00 1.20

Length straight section (mm) 40 100

Length curved section (mm) 80 100

Radius of pre-curvature (mm) 236 293

Direction of curvature -x -x

Meccanica

123



approaches, thus can assist reducing the error on the

time taken for single iteration cycle. On the other

hand, comparing to a fixed increment / decrement in

the initial guesses, the correction approach ensures

that the true solution is not missed and avoids overly-

lengthened overall iteration time.

Simulations 1 and 4 are conducted with CCTR A,

whose tube dimensions are listed in Table 1. The

proximal end of the combined CCTR is the proximal

end of Tube 1. Tube 2 is positioned 18 mm behind the

proximal end of Tube 1, such that the distal ends of

both super-elastic tubes are flush. Thus the effective

length of the combined CCTR is 150 mm. The

variables in the simulations are summarised in

Table 4. The actuator input of Tube 2 is limited to

rotation (h20) only, no translation (d2) is applied. In

Simulation 1, concentrated force Gn0L is applied at the

distal end of the CCTR in positive y direction of FG.

The direction Gn0L is constant while the magnitude is

varied. In Simulation 4, distributed force Gq0s is

applied over the body of the CCTR along positive x

direction of FG. The direction of
Gq0s is constant while

its magnitude is changed. All other external loads,

which are not used as the variable in the simulations,

are assumed zero.

Simulation 2 and 5 are conducted with CCTR B,

whose tube dimensions are listed in Table 2. The

proximal end of Tube 1 is 30.7 mm behind the

proximal end of the combined CCTR, hence only the

pre-curved section of Tube 1 is involved in the

effective length of the CCTR. The proximal end of

Tube 2 is initially 223.7 mm behind the proximal end

of the CCTR. The variables in this simulation are

summarised in Table 5. In both simulations, Tube 2

can rotate (h20). The translation of Tube 2 (d2) is

varied in Simulation 2 and fixed to 101 mm in

Simulation 5. In Simulation 2, concentrated force Gn0L

is applied at the distal end of the CCTR, whose x, y and

z-components are identical. The direction Gn0L is fixed

while the magnitude is varied. In Simulation 5,

distributed force Gq0s is applied over the body of the

CCTR along positive x direction of FG. The direction

of Gq0s is constant. All other external loads, which are

not used as the variable in the simulations, are

assumed zero.

Simulations 4 and 6 are conducted with CCTR C,

whose tube dimensions are listed in Table 3. The

effective length of the combined CCTR starts from the

proximal end of Tube 1. The proximal end of Tube 2 is

initially 80 mm behind the proximal end of Tube 1.

The variables in this simulation are summarised in

Table 6. Tube 2 can rotate (h20) and translate (d2). In

Simulation 2, concentrated force Gn0L is applied at the

distal end of the CCTR, whose x, y and z-components

are identical. The direction Gn0L is fixed while the

magnitude is varied. In Simulation 5, distributed force
Gq0s is applied over the body of the CCTR along

positive x direction of FG. The direction of Gq0s is

constant while its magnitude is changed. All other

Table 4 Variables in Simulations 1 and 4—CCTR A

Parameters Magnitude

h20 range (degree) 0–315

h20 interval (degree) 45

Gn0L range (N) 0–2

Gn0L interval (N) 0.2

Gq0s range (N/m) 0–4

Gq0s interval (N/m) 0.67

Table 5 Variables in Simulations 2 and 5—CCTR B

Parameters Magnitude

h20 range (degree) 0–315

h20 interval (degree) 45

d2 range (mm) 0–92

d2 interval (mm) 23

Gn0L range (N) 0 to 2

Gn0L interval (N) 0.2

Gq0s range (N/m) 0–2.9

Gq0s interval (N/m) 0.48

Table 6 Variables in Simulations 3 and 6—CCTR C

Parameters Magnitude

h20 range (degree) 0–315

h20 interval (degree) 45

d2 range (mm) 0–80

d2 interval (mm) 40

Gn0L range (N) 0–1

Gn0L interval (N) 0.2

Gq0s range (N/m) 0–3

Gq0s interval (N/m) 0.5
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external loads, which are not used as the variable in the

simulations, are assumed zero.

For each simulation, the average time and number

of iterations taken to solve for a CCTR under one set of

given conditions are recorded. The average time to

compete one iteration cycle is calculated as an

indication of numbers of arithmetic operations in each

approach. The overall simulation time for two cate-

gories of simulations are illustrated in Figs. 2 and 3,

respectively. The full results are presented in Tables 7,

8, 9, 10, 11 and 12, respectively.

In the tables, ‘‘time’’ is the average time taken to

complete iteration of a CCTR under one set of given

actuator inputs and external loads. ‘‘iter. num’’ indi-

cates the corresponding number of iteration cycles

taken. ‘‘single time’’ represents the time taken to

complete one iteration cycle, which is calculated from

the overall time and number of iteration. The

percentage differences use the results of Approach A

as the references.

When the CCTRs are subject to concentrated forces

(Simulations 1 to 3), the approaches based on Eq. (27)

(Approaches B and D), require less iterations com-

paring to the approaches based on Eq. (20) (Ap-

proaches A and C). The percentage difference ranges

from -26 % to -20 %, except for Approach B in

Simulation 2, which achieves only 15.6 % reduction.

On the other hand, once the selection between

Eqs. (20) and (27) has been made, the comparisons

between B and D, and between A and C, respectively,

show that the difference between propagating bending

curvature and propagating concentrated loads is

minimal. In addition there is no clear indication on

the approaches that yield higher efficiency.

When the CCTRs are subject to distributed forces

(Simulations 4 to 6), Eqs. (27) and (20) have opposite

effects to those in Simulations 1 to 3. In Simulations 4

and 6, the use of Eq. (27) (Approaches B and D)

requires about 40 % more iterations, comparing to

Eq. (20) (Approaches A and C). In Simulation 5, the

difference is even larger. The effects of propagating

concentrated loads and propagating bending curvature

are not clear in the Approaches B and D, where

Eq. (27) is used both approaches. However, propa-

gating concentrated loads (Approach A) does show

advantage over propagating bending curvature (Ap-

proach C), where Eq. (20) is used both approaches.

The trend of single iteration time is consistent in all

simulations. Approaches A and B, and Approaches C

and D, have similar amount of arithmetic operations,
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Table 7 Results of Simulation 1—CCTR A

Approaches A B C D

Time (s) 22.6 16.7 28.7 21.3

Time diff (%) n/a -26.1 26.7 -5.85

Iter. num 21.1 16.3 21.1 16.3

Iter. num diff (%) n/a -22.8 -0.16 -22.7

Single time (s) 1.07 1.03 1.36 1.31

Single time diff (%) n/a -4.20 26.9 21.9
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respectively. The single iteration time of A and B is

about 20 % to 25 % shorter than that of C and D. Thus

propagating concentrated loads save computational

power over propagating bending curvatures. The

comparison between A and B, and between C and D,

respectively reveals that the use of Eq. (27) yields

about 5 % reduction in amount of arithmetic opera-

tions over Eq. (20), when the same physical quantities

are propagated.

In Simulations 1 to 3, Approach B has the highest

computational efficiency due to the combination of

fastest single iteration time and less number of

iteration. Approaches D and A, benefiting from

smaller number of iterations and less arithmetic

operations, have similar computational efficiencies.

Approach C is the slowest as the performance is low in

both number of iterations and single iteration time.

On the other hand, in Simulations 4 to 6, Approach

A is the fastest as it requires the least number of

iterations when subjected to distributed forces.

Approach C also benefit from the reduced number of

iterations. The overall iteration time of Approach B is

compromised by the increased number of iterations

taken, especially in Simulation 5. Approach D yields

low efficiency in general due to disadvantages in both

number of iterations and single iteration time.

Preliminary simulations are also conducted to

investigate the effects of accuracy and step size on

the modelling approaches. Simulation 1 is repeated

with various accuracies and step sizes. The parameters

are listed in Table 13. In Simulation 7, the accuracy is

varied with a constant step size of 1 mm. In Simulation

8, the step size is varied (halved or doubled) with a

constant accuracy of 1e�5. To reduce the overall time

taken, the interval of the magnitude of concentrated

force is increased to 0.4 N.

The results of Simulations 7 and 8 are presented in

Figs. 4, 5 , 6 , 7 , 8 and 9. In Figs. 4 and 6, the x-axes

are the logarithm (log10) of accuracy. In Figs. 7 and 9,

the x-axes are the logarithm (log2) of step size.

Table 8 Results of Simulation 2—CCTR B

Approaches A B C D

Time (s) 37.9 30.8 49.7 36.5

Time diff (%) n/a -18.7 31.0 -3.59

Iter. num 29.0 24.5 30.2 23.3

Iter. num diff (%) n/a -15.6 4.22 -19.8

Single time (s) 1.31 1.26 1.64 1.57

Single time diff (%) n/a -3.71 25.7 20.2

Table 9 Results of Simulation 3—CCTR C

Approaches A B C D

Time (s) 19.5 13.8 24.3 17.2

Time diff (%) n/a -29.2 24.8 -12.1

Iter. num 18.3 13.7 18.2 13.5

Iter. num diff (%) n/a -25.1 -0.15 -25.9

Single time (s) 1.07 1.00 1.33 1.26

Single time diff (%) n/a -5.56 25.0 18.5

Table 10 Results Simulation 4—CCTR A

Approaches A B C D

Time (s) 12.2 16.2 15.6 20.5

Time diff (%) n/a 33.0 28.4 68.5

Iter. num 11.6 16.1 11.9 16.2

Iter. num diff (%) n/a 38.2 2.15 40

Single time (s) 1.04 1.00 1.31 1.27

Single time diff (%) n/a -3.73 25.7 21.2

Table 11 Results Simulation 5—CCTR B

Approaches A B C D

Time (s) 22.9 65.9 41.0 51.2

Time diff (%) n/a 188 78.9 123

Iter. num 20 60.9 28.9 37.7

Iter. num diff (%) n/a 204 44.2 87.9

Single time (s) 1.14 1.08 1.42 1.36

Single time diff (%) n/a -5.22 24.1 18.9

Table 12 Results Simulation 6—CCTR C

Approaches A B C D

Time (s) 9.03 12.6 11.6 15.2

Time diff (%) n/a 39.4 28.2 68.6

Iter. num 9.33 13.4 9.52 12.9

Iter. num diff (%) n/a 43.3 1.97 38.7

Single time (s) 0.97 0.94 1.22 1.18

Single time diff (%) n/a -2.70 25.7 21.6
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Figure 5 shows that the number of iterations are

inversely proportional to the order ot accuracy. Since

the step size is not changed, the time taken to complete

one iteration cycle roughly stays constant, as illus-

trated in Fig. 6. Therefore, the overall iteration time

shown in Fig. 4 is roughly linear.

Figure 7 indicates that the time decreases with

increasing step size. The rate of such decreasing also

Table 13 Variables in Simulations 7 and 8—CCTR A

Parameters Magnitude

Accuracy 1e�5, 5e�5, 1e�4, . . ., 5e�2

Step size (mm) 20, 21, . . ., 25
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decreases as the step size increases. On the other hand,

Fig. 8 reveals that the number of iterations is constant,

except for when step size is 1 mm. The time taken to

complete one iteration cycle and its rate of change

decreases with increasing step size. Apart from that,

the difference between Approaches A and B and

Approaches C and D also decreases with increasing

step size.

5 Conclusion

This work studies framework on the kinetostatic

modelling of CCTR and the computational efficien-

cies associated with different modelling approaches.

Two existing approaches are considered and two

additional modelling approaches are derived. The

computational efficiencies of all four approaches are

compared through simulations on three CCTRs under

varies combination of actuator inputs and loading

conditions.

The dominating factor that affects the number of

iteration is the form in which the equilibrium of

concentrated loads is represented in. The uses of

Eqs. (20) and (27) have opposite impacts in two

categories of loads. Equations (27) and (20) require

less iterations under concentrated and distributed

loads, respectively.

The difference between propagating concentrated

loads and propagating bending curvature mainly lies

on the amount of arithmetic operations. Propagating

concentrated loads leads to less arithmetic operations

than propagating bending curvature in both categories

of simulations.

The existing approach, Approach A, shows capa-

bility in the integration of local frame loads, while

being relatively fast under all loading conditions. Thus

it is considered suitable for most MIS applications.

The newly derived Approach B is found to offer higher

computational efficiency in the cases where global

frame concentrated forces are the dominating external

loads. However such performance cannot be achieved

in the applications where distributed forces are the

major external loads. Approach D has similar compu-

tational efficiency comparing to Approach A when

concentrated forces are applied, while being slow in

the cases with distributed forces. Approach C is the

least efficient approach in the cases where concen-

trated forces are applied, but offers intermediate

efficiency in the cases with distributed forces.

Simulations are conducted to investigate the effect

of accuracy and step size. All modelling approaches

show inverse linear relations between the accuracy

and the time and number of iterations required. The

step size does not have significant impact on the

number of iterations. Increasing step size leads to

decrease in overall and single iteration time, as well as

their rates of change with respect to the step size.
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5.1 Supplementary Information on the CTR

5.1.1 Abbreviations in the CTR Paper

Table 5.1: List of Abbreviation in the Paper

E Young’s modulus of material

F Frame

f Force (distributed, local frame)

G Shear modulus of material

h Step size in numerical integration

L Length of CTR

I Second moment of area of the cross-section

K Elasticity/stiffness

m Moment (concentrated)

n Force (concentrated)

P Position

q Force (distributed, global frame)

R Standard 3×3 transformation matrix

T Standard 4×4 transformation matrix

u Angular strain, curvature

v Linear strain

X 6×6 transformation matrix

(continue next page)
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Table 5.2: List of Abbreviation in the Paper (Continued)

ε Strain

θ Twist angle

λ Moment (distributed, global frame)

τ Moment (distributed, local frame)

Table 5.3: List of Subscripts/Superscripts in the Paper

a Cross-section a of CTR (used in derivation)

A Origins of frames attached to cross-section a

b Cross-section b of CTR (used in derivation)

B Origins of frames attached to cross-section b

G Global frame (superscript), origin of global frame (subscript)

0 Local frame attached to cross-section of combined CTR

i Local frame attached to cross-section of ith individual tube

n Normalised

p Pre-defined

s Cross-section s of CTR

S Origins of frames attached to cross-section s

itr Iteration

5.1.2 Supplementary Graphical Illustrations for CTR Model

Figure 5.1 is the graphical illustration of frame assignment of the CTR model, which

is described in Section 2.2 of the manuscript. Frames at three CTR cross-sections are

shown: the proximal end s = 0, an arbitrary middle cross-section s and the distal end

s = L. The sample CTR consists of two super-elastic tubes. The physical quantities
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Figure 5.1: Frame Assignment of CTR.

for combined tube, tube 1, and tube 2 are labelled black, blue and red, respectively. It

can be observed that the z-axes of frames at the same cross-section are coincident. The

x-axes of the super-elastic tubes are angularly displaced by θ, from the x0 axis.

Figure 5.2: External loads on CTR.

Figure 5.2 shows the six types of external loads on a sample CTR. Although the physical

effects of the external loads on the CTR (e.g. the shape) do not change with respect to

the frame in which they are described, artificially classify the loads based on the frames
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can benefit the applications. In the applications, the weights of tubes and the additional

equipment mounted on the CTR are readily available in the global reference frame FG.

On the other hand, if sensors were to be mounted on the body and at the tip of a CTR

to sense the contact loads, the sensor readings are apparently in the local frames that are

attached to the cross-sections of the CTR. Since the models inherently account for the

external loads measured in various frames, these weights and sensor readings can be fed

directly and intuitively into the CTR models.

Despite the aforementioned convenience in the application, artificially dividing the ex-

ternal loads can potentially cause problems in some modelling approaches, as detailed

in Sections 3.3 and 3.5 of the paper. The G
0sR rotation matrix presented in Eqs. (24)

and (25) correspond to the cross-sections beyond current integration step (further away

from the proximal). As such, the associated local frame distributed force 0sf0s cannot be

readily substituted into the equations.

5.1.3 Supplementary Information on Derivation of CTR Model

In the robot-independent mapping (Section 2.1 of the manuscript), the following state-

ment is made “it is trivial that · · · regardless of their mechanical structures · · · identical

positions and orientation”. The term “mechanical structures” refers to the mechani-

cal structures of the continuum robots, e.g. the CTRs with continuous bodies and no

dedicated actuation mechanism along the bodies, and the cable driven robots who have

discretised backbones and separated actuation tendons.

Section 2.1 of the manuscript states that the angular velocity is the time derivative of

angular position in rigid body motion. Note that the statement is “concept-wise” and is

not referring to the formulation. The correct angular velocity is defined by ~ω× = Ω =

Q̇QT where Q is the rotation matrix.

Equations (2) and (3) are the discretised form of the robot-independent mapping, which is

utilised in the numerical integration. The local curvatures u and twist angles θ solved by
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the robot-dependent models are fed to these two equations, such that the completed cross-

sectional positions and orientations of the entire CTR can be computed. In this paper,

since the major focus is the robot-dependent mapping, this standard robot-independent

mapping is adopted for all four approaches.

Figure 5.3: Equilibrium of Loads on a finite CTR Section.

Equations (13) and (14) in the paper are essentially equilibrium of force and moment,

respectively, on a finite section of the CTR (as shown in Fig. 5.3). In Eq. (13), the first

line sums all the external forces applied at the cross-sections a and b. Rotation matrices

R are used to map the local frame loads into the global reference frame. The second

line of the equation integrates the distributed forces on the finite tube section. Again, a

rotation matrix R is used to map the local frame force f into the global frame.

The first line of Eq. (14) sums the moments generated by the concentrated forces around

the origin of the global frame, G. The P terms are the lever arms. The second line

deals with the moments generated by the distributed forces. The third line sums the

concentrated moments, and the last line integrates the distributed moments. Similar to

that in Eq. (13), rotation matrices R are included to convert the local frame terms into

the global reference frame.



Chapter 6

Conclusions and Future Work

6.1 Conclusions

In this research, two robots have been investigated for use in minimally invasive surgeries:

the dual-triangular remote centre of motion (RCM) mechanism and the continuum con-

centric tube robot (CTR). The objective of this research was to enhance the performance

and capability of the two surgical robots, when used individually or combined as one

united surgical robot, to reduce the level of invasion and promote further development

of robotic minimally invasive surgeries.

A novel cable constrained dual-triangular RCM mechanism was proposed to minimise

the footprint and position the mechanism distant from the remote centre, hence reducing

the chance of collision between cooperating robotic surgical arms. The reduced footprint

enables the development of single-site or trans-natural-orifices MIS, where the robotic

arms need to be positioned very close to each other and manipulated within confined

workspace.

The reduction in the footprint was achieved through three approaches. Firstly, the area

enclosed by the outer boundary of the RCM mechanism was reduced, by the conversion

from the parallelogram to the four-bar linkage with small vertex angle. Secondly, the

97
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ROM was doubled from that of the original DT mechanism without expansion in the

dimensions of the mechanism by the removal of singularities, and thereby reduced the

device footprint while achieving the same output range of motion (ROM). Thirdly, the

cable loops were introduced to eliminate the bulky parallelograms in the linkage-based

designs. Therefore, the additional space taken by the links between the input joint and

the RC was reduced.

To achieve the doubling of the ROM without expansion in the device footprint, the

singularities of the linkages were fully investigated. Geometrical constraint equations

were derived, leading to the linkage-based and cable-based auxiliary mechanisms to fully

constrain the mechanism. To materialise the cable-based design, constraint analysis was

used to prove presence of tension in the cable loops. The outcomes showed tension in

all cable loops within the full ROM of the mechanism. Such predicted cable tension was

further validated through FE analysis and a passive prototype.

The reduction in the footprint was quantified through mathematical simulations in sim-

plified surgical scenarios, where the footprints were described through four approaches.

The results showed up to 35%-80% improvement over the footprint of the schematic

parallelogram-based design, with the same distance from the input joint to the RC and

the same output ROM. In addition, the effectiveness of the cable-based design over the

linkage-based version was proven by observing much slimmer “members” (links with as-

sociated cable loops) and significantly enlarged clearance/distance between the base joint

and the RC in the prototype.

The framework of kinetostatic modelling of the CTRs was explored to increase the com-

putational efficiency. It is anticipated that the improved kinetostatic models will lead

to design optimisation and real-time control with lower computational cost, or enabling

existing controller hardware to solve for more precise but computationally expansive mod-

els. The outcomes will yield broadened application of the CTRs, to serve as non-cannula

and cannula robotic instruments with enhanced dexterity and reduced level of invasion.

Four robot dependent mapping approaches were derived based on the Newtonian strat-
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egy, and combined with a standard robot independent mapping to form the full kinematic

models. The approaches were derived based on the combination of differential equations

(written in different forms) and the constitutive law. The improvement in computational

efficiency was made by reducing the number of expressions used to compute the local

bending curvature in each step of numerical integration, where the four approaches have

three, two, two and one expression(s), respectively. In addition, the effects of each as-

sumption on the derivation of equations were identified and evaluated, to pave the way

for potential improvement in modelling precision in the future work.

The computational efficiencies of the modelling approaches were compared, in order to in-

vestigate the effects of variations in the key equations based on the number of expressions

and arithmetic operations, as well as to identify suitable MIS applications for the mod-

els. Two out of the four approaches were highlighted. One approach (Approach B [115]),

where the differential equations for force and moment are united while the constitutive

law is used separately with the differential equations, showed up to 25% improvement

under concentrated external loads. However, its performance was not as good under

distributed loads. As such, it is suitable for cases where the CTRs replace conventional

non-cannula robotic manipulators and concentrated surgical loads at the tips dominate.

The other approach (Approach A [115] or [118]), where the force and moment are de-

scribed in distinct differential equations and the constitutive law is used separately, had

relatively high and balanced performance under both loading cases. Hence this approach

is a universal one that is suitable for use on CTR-based robotic manipulators of both

non-cannula and cannula types.

6.2 Future Work

Beyond the scope of this thesis, further work is needed to maximise the advantages

of the proposed RCM mechanism and the kinetostatic model of the CTRs in the MIS

applications. The future work can be categorised into three branches, which are regarding

the further improvement on the capability and dexterity of the two individual robots and
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their optimal combination, respectively.

Although the functioning of the cable system was proven for the RCM mechanism, the

analysis was conducted under the assumptions of mass-less mechanical components, zero

cable pre-tension and quasi-static conditions. A dynamics model of the cable-constrained

RCM mechanism should be derived before investigating the MIS applications, such that

the use of assumptions is avoided. For prototyping, even-slimmer designs could be pro-

posed to further reduce the dimensions of the mechanisms that achieve the required

mathematical constraints. Further, the open-loop cable configuration may be worth in-

vestigating for the optimal cable tension and system stiffness. Apart from those, the

application of the RCM mechanisms in specific robotic MIS, such as laparoscopic and

urological procedures, should be explored.

Additional fundamental studies should be conducted on the CTRs prior to the applica-

tions. To fully utilise the improved kinetostatic model, it should be implemented in the

inverse kinematics, design optimisation and control algorithms. In addition, improving

the precision of the kinetostatic model itself could be another focus, where gaps and fric-

tions between individual elastic tubes will be integrated into the model. Elastic materials

other than the super-elastic Nitinol, as well as the modifications of the tubes (e.g. sur-

face patterns and non-circular cross-sectional shapes) could be explored to increase the

achievable curvatures and the stability of the CTRs. Apart from those, the CTR models

can be considered as Lie group formulation of the Cosserat kinematics. As such, it is wor-

thy to study the current state of art formulation approach and seek for implementation

in the CTR models, for improving computational efficiencies or precision.

Another usage of the kinetostatic model, which will potentially lead to great advances

in the MIS applications of CTRs, is the intrinsic shape and load sensing, which will

enable the CTR to detect external loads applied at an arbitrary location on the body

of the robot without modification (and the expansion in size) on the parts inserted into

the patient’s body. Such a sensing algorithm is crucial to ensure the safe deployment of

CTRs in delicate, complex and confined body anatomies. The kinetostatic model of the

CTRs couples the shape and external load information, and thereby is inherently suitable
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to serve as the foundation of the intrinsic sensing algorithm.

The combination of the RCM mechanism and the CTR will primarily involve inverse

kinematics model and prototyping. The objective of the inverse kinematic model is to

minimise the footprint of the RCM mechanism, while ensuring safe and precise control of

shape and tip position/orientation of the CTR. An optimisation function will be devel-

oped as the core of the model, which determines the optimal manoeuvres of individual

components. For prototyping, a slim and light-weight CTR design will be needed, such

that it does not compromise the function of the RCM mechanism and increase the overall

device footprint.
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